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Preface

International Conference
"Instabilities and Control of Excitable Networks:

From Macro- to Nano-Systems"

was held in Dolgoprudny, Russia in May 25-30 and devoted to the problems of complex excitable
network dynamics in physiology, biomedicine, physics, chemistry and social systems. The main topics
were:

• Instabilities in far-from-equilibrium excitable network dynamics;

• Pattern formation in network-organized systems;

• Control of threshold and kinetic cascade avalanche-like phenomena;

• Conceptual items and their application to natural and social systems.

The main goal of the conference was to advance interdisciplinary research and develop new cross-
disciplinary links in Russia and abroad. The Conference was attended by a few vibrant groups of
researchers at different stages of their academic careers. The participating scholars have studied
problems related to self-organization in various systems, engineering of excitable biological tissues
and control of excitable networks. We believe that this conference was foster new contacts and an
exchange of exciting ideas. Presented in this issue collection of the papers to some degree reflects the
present state of art in the area.

Sincerely Yours,
Co-Chairs,
Konstantin Agladze
and
Georgy Guria
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1 Introduction
A rapid development of tissue engineering in the last decade has caused an increased

demand for materials that can serve as scaffolds for the tissue constructs. The major common
requirements for these materials are biocompatibility (non-toxicity), matching mechanical
and elastic properties to a specific type of tissue, and safe biodegradation of the scaffold in
the body. However, highly specialized cells, such as cardiomyocytes, are most demanding
to the scaffold materials and in a cardiac tissue engineering to the above requirements is
added necessity to ensure functional electrophysiological unity of cells, i.e. besides only
survival and growth, the engineered tissue should be able transmitting electrical signals and
contracting synchronously. In recent years, with varying degrees of success, various polymer
materials were used to achieve this goal [1–3].

Previously, it was shown that one of the promising materials for tissue engineering is
polyhydroxybutyrate (PHB). It was successfully used for cultivation of dermoblasts and fi-
broblasts [4], connective tissue [5], it was used as a supporting scaffold for differentiating
stem cells [6]. Moreover, PHB was successfully used for the preparation of substitute peri-
cardial patches and thus demonstrated its full compatibility with cardiac tissue [7, 8].

In the present study, we investigated the use of PHB for the cardiac tissue engineering.
The PHB was prepared either in the form of thin membranes, or in the form of polymer
fibers obtained by electrospinning. Isolated neonatal rat cardiomyocytes were seeded ei-
ther on fibers matrices or membranes and cultured to form confluent cardiac monolayers.
Functioning of obtained tissue patches was tested by visual observation of contractions and
with the aid of optical mapping [9] i.e. registration of excitation waves with fluorescent
markers. The latter one allowed ensuring the fact that cultured cells represented electrophys-
iological syncytium. We have shown that both primary culture neonatal cardiomyocytes and
immortalized HL-1 cells, successfully attached to the polymer surface to form a contracting,
electrophysiologically unified monolayer.

2 Materials and methods
2.1 Cell culture

2.1.1 Primary culture of cardiomyocytes

The isolation protocol was used as in [10]. Briefly, hearts isolated from neonatal 2-3
day-old rats were minced and left overnight in a trypsin solution. Next morning they were
dispersed in a collagenase type 2 solution. To remove the fibroblasts after centrifugation,
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the isolated cells were suspended in Dulbecco’s modified Eagle’s Medium (DMEM with
10% fetal bovine serum, 1% penicillin-streptomycin) and kept in a tissue culture dish for 1
h. Non-adherent cells were collected and plated on a polymer substrate coated with human
plasma fibronectin (Gibco) and incubated at 37oC under humidified 5% CO2 conditions for 1
day. After incubation, the medium was replaced with a minimum essential medium (MEM)
containing 5% fetal bovine serum, 1% penicillin-streptomycin, and the incubation continued
for a minimum 3 days until confluent monolayers were formed, up to 8 days.

2.1.2 HL-1 and HL-1 ChR2 cells

HL-1 cell (immortalized cardiomyocytes of atrial tumor mouse heart) and HL1ChR2
cells (HL-1 cells transfected with the gene rhodopsin R 2) were obtained from Dr. Philippe
Sasse (Institut für Physiologie 1 Universität Bonn Life and Brain Center) at passage #77 and
passage #98 respectively. Cells were grown in Claycomb medium according to the original
protocols [11].

2.2 Polymeric membranes and fibers

The polymer membranes were manufactured from the class of biodegradable polymers
polyhydroxybutyrate (PHB) / oxovalerate (PGBV) with different molecular weights.

The polymer was synthesized in the Institute of Biochemistry and Physiology of Mi-
croorganisms, RAS, Pushchino, Moscow Region.

Membrane size: strip width of 2-3 mm and a length of 10-25 mm, flaps 10 to 15 × 13-
18 mm, with a thickness of 80-120 microns.

For the experiments, membranes were numbered:

1 — PHB, MM = 278 kDa

2 — PHB, MW = 4600 kDa

3 — PGBV, MM = 900 kDa

4 — PHB, MM = 280 kDa

5 — PHB porous, MM = 280 kDa

7 — PHB, MM = 400 kDa

Nanofibers (diameter 5-10 microns) were obtained by the electrospinning of 8-10% so-
lution of PHB in chloroform in NANON setup. As a collector, we used either whole plates
of 10% of the polydimethylsiloxane (PDMS), or PDMS plates with pre-cut circular holes in
them with a diameter of 10 mm. The conditions of the electrospinning were optimized for
the maximal alignment of fibers on the collector.

2.3 Optical Mapping

Excitation waves were monitored using the Ca2+–sensitive fluorescent dye Fluo-4 (Invit-
rogen). The dye was added at a final concentration of 10 µM into standard Tyrode’s solution
(Sigma) for 60 min before the onset of the experiments. Images were acquired using EM-
CCD camera (iXon3, Andor) connected to a macro-view MVX10, Olympus microscope.
The data were acquired at 50 frames per sec in 128 × 128 pixels resolution which correspond
to 18 × 18 mm2 area of the dish. The fluorescence of the dye was excited at λ = 490 nm
using the microscope light source unit outfitted with a mercury lamp and a blue bandpass
filter.
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Figure 1: Localized excitation in premature tissue culture.
Primary 2-day old culture of neonatal rat cardiomyocytes grown on PHBV membrane #3 with M.W. =
900 kDa. A) Immunostaining: Alexa Fluor 488 phalloidin (green) — f-actine, DAPI (blue) — nuclear.
B) Foci of excitation recorded with the optical mapping. Time between frames 100 msec.

At the end of the optical mapping of the control samples were treated with immunofluo-
rescent dyes Alexa Fluor 488 phalloidin to identify the distribution of F–actin in cells, DAPI
to visualize cell nuclei.

In some experiments, in order to distinguish between different types of cells, the label-
ing dye Cell Tracker Red was used cell. Photomicrographs were performed on LSM 710
confocal microscope

3 Results and discussion
3.1 Culture of neonatal cardiomyocytes different dates grown on membranes with

different molecular weight

Figure 2: Propagation of excitation in a 3 days — old cul-
ture.
Primary 3-day old culture of cardiomyocytes grown on PHB
membrane #1 with M.W. = 278 kDa. The boundary of the
membrane is clearly seen in the upper part of the image.
Time interval is 10 msec.

Isolated cardiomyocytes were
seeded and cultured on all 7 types
of PHB membranes with different
molecular weight. All of them ex-
hibited vivid beating culture and
demonstrational examples are de-
scribed below. Fig. 1 demonstrates
the culture of neonatal cardiomy-
ocytes grown on PHBV membrane
#3 on the second day after seed-
ing. Optical mapping revealed that
in spite of the ability of individ-
ual clusters of cells to spontaneous
periodic activity, the excitation is
localized, waves do not propagate
through the entire culture and con-
sequently, the cells do not form an
excitable network. However, exci-

tation pattern was changed on the third day, a typical example represented in Fig. 2. The
series of images shows that the excitation, originated in spontaneous pacemaker cells spread
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Figure 3: Excitation propagation in 5-days old culture.
Neonatal cardiomyocytes were seeded on the stripes of PHB membrane #3 with M.W. = 900 kDa.
Excitation propagates through the arrangement of the stripes.

to the whole culture area. The recorded frames show section of the membrane with the at-
tached cells, and a boundary between the membrane and the bottom of the Petri dish, not
covered by a layer of cardiomyocytes is clearly visible.

Figure 3 illustrates the propagation of excitation waves in the five-day culture. PHB
membrane was cut into strips, which were then coated with fibronectin and seeded with
cells. The excitation waves propagated in the area of PHB strips.

In our experiments, cardiac tissue grown on PHB/PHBV membranes similar to other sub-
strates [3] may reach functional maturity 3-4 days after cell seeding, and is able to effectively

Figure 4: 7 days–old culture of cardiomyocytes Hl1-ChR2 grown on PHB membrane #1 with
M.W. = 278 kDa.
A) Propagation of single wave. B) Rotating reentry waves. C) Alexa 488 Fluor Phalloidin staining of
the culture.
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Figure 5: Tissue culture HL1 grown on PDMS plate with applied PHB nanofibers.
A) 4-days old. B) 5-days old.

sustain excitation waves.

3.2 Cell culture HL-1 ChR2

Similarly to the primary cardiac culture, it was shown that the cells from the cell line HL-
1 ChR2 can attach, grow and form the excitable interconnected network on PHB membranes.
Figure 4 shows the propagation of excitation waves in HL-1 ChR2 cell culture. 4A represents
the series of frames illustrating propagation of the single wave, and 4B — formation of
rotating waves (reentry) at later stages of the activity in the culture.

3.3 Anisotropic culture obtained by using PHB nanofibers

We investigated the possibility of using PHB nanofibers for the forming of anisotropic
layer of cardiac cells, as in [3]. In contrast to the previously used PMGI fibers, polyhydroxy-
butyrate fibers cannot be transferred to the glass using thermal printing. The adhesion of the
fibers to the glass substrate is not sufficient to form a stable structure to serve as the substrate
for cell culturing. For this reason, PHB nanofibers after electrospinning were transferred to
the polydimethylsiloxane (PDMS) plate, and PDMS substrate with the fibers was used for
seeding and culturing cells. Figure 5 shows the propagation of excitation waves in the 5-day
old culture of HL-1 cells grown on PDMS plate with PHB nanofibers. As in the case of the
PMGI fibers, PHB fibers are orienting factor for the cells, and they are extended in the direc-
tion of the fibers. As a result, anisotropy of propagation was observed: the wave speed along
the direction of fibers was greater than in the direction perpendicular to the fibers orientation.

3.4 Cell culture on suspended PHB fibers

An important property of the nanofibers is that they can be used not only as a guiding
factor for the cells growing on a solid substrate, but also substitute the solid support itself.
This property of polymer fibers is especially important for assembling multilayered patches
of tissue. We checked the ability of PHB fibers to serve as the carrier elements for cultured
cells; it was found that the strength and elasticity of PHB fibers are sufficient for growing
cells directly on them, without solid support. Figure 6 illustrates the propagation of excitation
in the strip-like area of cultured tissue grown on suspended PHB fibers during 5 days. The
excitation started at the left edge of the tissue and propagated through the area of most dense
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Figure 6: Propagation of excitation in the tissue culture grown on suspended PHB nanofibers.
A) PHB nanofibers suspended in a circular frame. The direction of alignment is horizontal on the
picture. B) Propagation of excitation from the left edge of the tissue culture.

fibers and cells, from left to right. Eventually, it spread on entire tissue area (not shown).

4 Conclusion
Our results show that cardiac cells of various origins can be successfully grown on poly-

hydroxybutyrate substrates, in both forms: membrane and nanofiber matrix. Apparently, the
choice of the structure of the substrate is determined by its purpose: polymer membranes
are convenient from a mechanical point of view, as a structural element that can be easily
placed in the desired location. At the same time, the membrane bears isotropically arranged
cells whereas nanofibers can create patches of cultured tissue with the desired degree of
anisotropy [3]. In terms of development of electrophysiological syncytium, polyhydroxybu-
tyrate scaffold showed its full compatibility with the excitability of cardiac cells.

The authors are grateful to A. Teplenin for the help with electrospinning setup and to
I. Erofeev for the help with optical mapping.
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1 Introduction
Spiral waves in two spatial dimensions (2D), and scroll waves in three dimensions

(3D), are regimes of self-organization observed in physical, chemical and biological dis-
sipative systems, where wave propagation is supported by a source of energy stored in the
medium [1–9]. A spiral wave is a remarkably stable solution: it only reacts to perturbations
if they are sufficiently close to its “core”. The result of that is that when only relatively small
perturbations are concerned, dynamics of spiral waves is phenomenologically similar to that
of “particles”, despite the fact that a spiral wave is in no way a localized object, but tends to
fill up all the available medium. This macroscopic “wave-particle duality” [10] extends to
three dimensions: scroll waves can be described as “string-like” objects [11].

This article is a retelling of a conference presentation which reviewed a few selected
papers, dedicated to exploring this particle- and string-like dynamics and possibilities of
exploiting it for the purposes of their control. A particular importance of control may be in
cardiac tissue, where spiral and scroll waves underlie dangerous arrhythmias.

2 An outline of the theory
Here we briefly overview the key results of the asymptotic theory of spiral wave dynam-

ics, more details of which can be found e.g. in [10, 12, 13] This theory centers on reaction-
diffusion systems,

∂tu = f(u)+D∇2u+ εh, u, f,h ∈ R`, D ∈ R`×`, `≥ 2.

Here ` is the number of reacting components, u = u(~r, t) is the column-vector of reagent
concentrations, ~r ∈ R2 or R3 is the position vector in the physical space, D is the ma-
trix of diffusion coefficients, f is the column-vector describing the reaction rates, and
εh = εh(u,∇u,~r, t), ε � 1, is a small perturbation. The rationale of considering εh sep-
arately from f is that at ε = 0, the system has a symmetry with respect to translations and
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Figure 1: Response functions for FitzHugh-Nagumo system [14].

rotations of the ~r space and translations in time t, so εh is a generic symmetry-breaking
perturbation.

We assume existence of steadily rotating spiral wave solutions at ε = 0:

u(~r, t) = U(ρ(~r−~R),ϑ(~r−~R)+ωt−Φ),

where~r = (x,y), ρ( ·) and ϑ( ·) are polar coordinates, ~R = (X ,Y ) = const, Φ = const, and
ω is an eigenvalue, i.e. there are only discrete values of ω possible for any given reaction
diffusion system; typically just one (up to the sign). This is not always the case with spiral
waves: in some systems they “meander”, that is rotate unsteadily; this case is not considered
here.

If ε is nonzero but small enough, the spiral drifts: solution remains approximately as
above, but with ~R and Φ no longer constant but changing with time, d~R/dt =O(ε), dΦ/dt =
O(ε).

The velocity of the drift caused by the perturbation is given by

Ṙ = ε
φ+π∫

φ−π

e−iξ 〈W , h̃(U;ρ,θ ,ξ )
〉 dξ

2π
+O(ε2),

where (ρ,θ) are corotating polar coordinates, φ and ξ measure the rotation phase, φ =
ωt−Φ(t), and the angular brackets denote an inner product in the functional space, that is
an integral of the form

〈w , v〉=
∫

R2

w+(~r)v(~r)d2~r =
∮ ∞∫

0

w+(ρ,θ)v(ρ,θ)ρ dρ dθ .

These expressions use the so called response function W(ρ,θ) = W(1)(ρ,θ)∈C: eigen-
function of the adjoint linearized operator, corresponding to eigenvalue iω . More pre-
cisely, this is “translational” eigenfunction as it describes drift (translation) of spiral centre ~R

Instabilities and Control of Excitable Networks: From Macro- to Nano-Systems 9



Figure 2: Resonant drift and resonant repulsion of a spiral wave in FitzHugh-Nagumo system.
Graphs on top: the record of the action potential in the top right corner, vs the sinusoidal repre-
senting the clock that controls periodic stimulation. Change of relative position of action potential
with respect to the clock means change of the direction of the drift. [13, 15]

through space; there is also “rotational” eigenfunction W(0)(ρ,θ), which describes the drift
of the spiral’s fiducial rotation phase Φ; this is of a lesser interest in this review. Figure 1
illustrates the spiral wave solution and the response functions in a popular simple model of
excitable media, the FitzHugh-Nagumo system. The pictures represent density plots of the
corresponding solutions at a selected moment of time; they rotate clockwise as time pro-
gresses. The crucial feature of the response functions is that they quickly approach zero
beyond the “core” area near to the rotation centre. This is the mathematical basis for the
“particle-like” behaviour of spiral waves: the response functions show how an instantaneous
and infinitesimal perturbation of a particular component will affect the spiral wave position,
so the grey area outside the core means that any perturbation there will have virtually no
long-term effect of the spiral, whereas perturbation into the lighter or darker areas within the
core can cause a shift of the spiral wave rotation centre.

The simplest sort of spiral wave drift is a “resonant drift” of spirals, theoretically pre-
dicted by Davydov et al. [16] and first experimentally observed by Agladze et al. [17]. It
occurs in response to perturbation explicitly depending on time, h = h(u, t), so violating the
time shift symmetry. This dependence on time is periodic, with a period equal to the period
of the spiral wave, thus “resonant”. The idea is illustrated in figure 2. The perturbation has a
form of periodic pulses; the clock that controls these pulses is represented by the sinusoidal
curve on top of the pictures. The result of one pulse is a displacement of the scroll by a cer-
tain distance in the direction, depending on the orientation of the spiral wave at the moment
of the pulse delivery. The subsequent pulses are delivered with the period equal to the period
of the spiral, hence they fall at the same orientation of the spiral and cause its displacements
in the same direction again and again. The direction of this drift thus depends on the relative
phase of the stimulation clock and the spiral wave phase, which is represented by the action
potential, recorded at the top right corner, also shown on top of the pictures. However, the
period of the spiral wave changes as its core approaches the boundary of the medium. Hence
the phase relationship between the spiral and the stimulation changes, as can be seen by the
change of the relative position of the action potential and the stimulation clock. Change of
the phase difference means change of the direction of the drift, which will continue until the
spiral moves far enough from the boundary, so the resonance restores and the drift proceeds
at a straight line away from the boundary. This appears as a “repulsion” of the spiral from
the boundary. An asymptotic description of this resonant repulsion mechanism can be found
in [12, 15]. Since spiral waves underlie cardiac arrhythmias, their elimination by forcing
them to drift to an inexcitable boundary can be a viable anti-arrhythmic strategy. In this
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Ẏ

v
el

o
ci

ty
co

m
p
o
n
en

ts

ǫ: perturbation magnitude

10
-3

10
-2

10
-1

10
-4

10
-3

10
-2

Ẋ
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Figure 4: Drift speed: asymptotics (“theory”) vs direct numerical simulations (“DNS”) [13].

context, the resonant repulsion is an undesirable effect. It can, however, be easily overcome
by using a feed-back, to synchronize the stimulation with the rotation of the spiral wave and
thus ensure the resonance [12, 18].

Figure 3: Drift of a spi-
ral wave caused by step-
wise parametric inhomogene-
ity in FitzHugh-Nagumo sys-
tem [12, 13, 19].

Another well known sort of drift happens when the pertur-
bation violates the spatial translation symmetry, h = h(u,~r).
This means, that the right-hand sides of the reaction-diffusion
system depend on space coordinates, or, in physical language,
the medium is spatially inhomogeneous. Within the perturba-
tion theory, this results in an oscillating perturbation, applied
by the spiral wave “onto itself”, as it rotates through points
of the medium with different properties, so the perturbation is
periodic and always resonant. This sort of drift is illustrated
in figure 3, where the blue component of the colour represents
one of the parameters of the reaction kinetics, so the right and
left halves of the medium are slightly different in their proper-
ties, which causes the spiral to drift.

The speed and direction of the drift caused by a stepwise
inhomogeneity, as in figure 3, depend on the position of the
spiral’s instant rotation centre relative to the step. If the inho-
mogeneity is in the form of a slight linear gradient speading over a long distance, then the
spiral can drift with the same speed in the same direction throughout that distance. A yet
another sort of perturbation that can cause drift is the one that breaks the rotational symme-
try of the problem: h = h(u,∇u). For instance, if the molecules of the reacting species are
electrically charged and an external electric field is applied, then h = A∇u where diagonal
matrix A represents electrophoretic mobilities of the reagents.

Knowing the response functions, the velocities of these types of drift: resonant, elec-
trophoretic and inhomogeneity-induced, can be predicted. Figure 4 compares these pre-
dictions with direct numerical simulations, for the FitzHugh-Nagumo system, and for the
Barkley system, which is a very popular variation of the FitzHugh-Nagumo, particularly
convenient for conceptual simulations.
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Figure 5: Orbital movement
of a spiral wave in Barkley
system around a localized in-
homogeneity [20].

Theoretical predictions based on the response functions
showed that the dependence of the inhomogeneity-induced
drift on the relative location of the spiral wave and inhomo-
geneity sometimes may be not straightforward: attraction at
some distances may change to repulsion at other distances. For
the case of a localized inhomogeneity, this may lead to the sit-
uation that there is a stable distance between the spiral and the
inhomogeneity, so a spiral wave starting from a wide range
of initial conditions launches into a circular “orbital motion”
around the inhomogeneity, as shown in figure 5.

In the figure, the circular green spot in the middle repre-
sents the inhomogeneity, i.e. the site where the parameters of
the reaction kinetics slightly differ. The spiral wave is depicted
by the red/blue colour palette, with red component represent-
ing the “excitation” variable of the Barkley system and the blue
component representing the “recovery” variable. The thin white line depicts the trajectory
of the tip of that spiral wave, which is defined as an intersection of selected isolines of the
two components. This trajectory was averaged over every period of rotation, and the corre-
sponding instant rotation centres are represented by blue (earlier time moments) and yellow
(later time moments) small circles. At the selected parameters, the inhomogeneity is re-
pelling at small distances and attracting at larger distances. Correspondingly, the spiral wave
that started near the local inhomogeneity, departs away from it, but only until it reaches the
distance beyond which the repulsion changes to attraction. The spiral then continues to drift
along the circle of the radius at which the radial component of the drift force generated by
the inhomogeneity vanishes. The radius and the velocity of this orbital drift are in good
agreement with predictions based on the response functions.

3 Application in 2D: drift of spirals in an ischaemic border zone

In the asymptotic theory described above, the drift velocity ~̇R linearly depends on the
perturbation h. This immediately implies that when several different types of perturbations
are applied simultaneously, their effects add up. Thus we have a superposition principle: a
superposition of various perturbations

εh = ∑
j

ε jh j,

has additive effect on the drift velocity

Ṙ≈∑
j

ε jγ j,

where the “specific forces” are

γ j =

φ+π∫

φ−π

e−iξ 〈W , h̃ j
〉 dξ

2π
.

This has been used to explain some phenomena observed in a computational model, de-
scribing experiments with cultures of cardiac cells, which in turn mimic events that happen
at a boundary of an ischemic zone that gradually recovers during reperfusion ([21], see fig-
ure 6). In the experiments and in the simulations, a certain combination of variations in
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cell excitability/automaticity and in strength of their electric coupling with each other cre-
ated conditions in which spontaneous activity of individual cells created propagating waves
which broke up creating microscopic-scale spiral wave activity. One notable feature of these
spiral waves was their drift, which would often temporarily stop, or “pin” at local hetero-
geneities. This feature was essential for the arrhythmogeneity of the ischemic border zone,
as the pinned spiral waves had the chance to be not dragged together with the border zone,
but survive its passage, after which they develop into macroscopic scale re-entrant waves.
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Figure 6: Start/stop drift of spiral wave in (A,B) a culture of
neonathal rat cells, (C) in simulations using Pumir’s modifi-
cation of Beeler-Reuter model [21].

The asymptotic theory has
been applied to analyse and ex-
plain these phenomena. Figure 7
illustrates the response functions
calculated for the particular ionic
model of cardiac excitability that
was used in the simulations of
[21]. The figure shows the spi-
ral wave solution and the compo-
nents of the translational response
function, in the same format as
in figure 1, only this model has
` = 7 components. As before, a
prominent feature is the localiza-
tion of all the components of the
response function, which justifies
the particle-like description of spi-
ral waves in this system.

Indeed, comparison of the pre-
dictions of the asymptotic theory
with standard numerical simula-
tions, such as electrophoretic drift,
showed a good agreement. In simulations more specific for the electrophysiological setting
described above, one deals with a combination of perturbations: localized heterogeneities,
smooth gradients of excitability and of cell-to-cell coupling strength, i.e. diffusion coeffi-
cient. In realistic simulations, the strength of these perturbations is not necessarily small
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enough for quantitative correspondence, still the asymptotic theory has been able to explain,
on the qualitative level, some of the observed phenomena.

(a) (b)

(c) (d)

Figure 8: Pinning of drifting spiral wave to local
heterogeneity.

Figure 8 presents comparison of asymp-
totic theory with direct numerical simula-
tion. Panel (a) is a fragment of simulation
where the drifting spiral wave (the trajec-
tory of the tip is shown by a thin white line)
is temporarily stopped at a dark spot and
then resumed the drift afterwards. A small
puzzle was that the experimental data sug-
gested that such temporary stopping could
happen both near spots of higher excitabil-
ity, as well as spots of lower excitability,
whereas asymptotic theory predicts that if a
localized perturbation of one sign is attract-
ing then a perturbation of the opposite sign
must be repelling.

A hypothetical explanation that repul-
sion may change to attraction at different
distances (see discussion of “orbital mo-
tion” above), did not work for this case as
the response functions in this system did not
show the sign-changing character required
for that. Figure 8(b) describes a hypotheti-
cal mechanism of temporary pinning at a repulsive inhomogeneity, which is consistent with
the present system. In this case, the spiral drift slows down near an unstable equilibrium
point, where the drift forces due to localized inhomogeneity and due to the smooth gradients
equilibrate each other. Panel (c) illustrates another possibility, where two repelling circular
local inhomogeneities are arranged in such a way that a stable equilibrium between now three
forces exists, where the spiral can pin indefinitely (or in reality, until the smooth gradients
move away due to reperfusion). Panel (d) shows for comparison the more straightforward
case of pinning to an attracting heterogeneity. In panels (b–d), green dots in the middle
represent the local heterogeneities, the red cyloidal line is the trajectory of the tip in the nu-
merical simulations, the small black arrows are the direction field of the drift according to
the asymptotic theory and blue open circles are the trajectories of the drift calculated based
on the asymptotic theory.

4 Applications in 3D: resonant drift of scrolls and filament tension
The asymptotic theory of spiral waves in 2D can be extended to scroll waves in 3D. The

instantaneous rotation center of a spiral wave becomes the filament of a scroll in 3D. So
equations of motion for the spiral position ~R(t) and phase Φ(t) are transformed to equa-
tions of motions of the scroll wave filament ~R(σ , t) and the corresponding phase distribution
Φ(σ , t), where σ is a coordinate along the filament. Thus we have new degrees of freedom
in 3D: the filament can be curved, and the phase may vary along the filament.

Variation of scroll phase along its filament is called twist. Remember that the direction of
the resonant drift of a spiral wave depends on the phase of that spiral. So if resonant forcing
is applied to a twisted scroll, then “spiral waves” in different cross-sections of this scroll will
have different phases and drift in different directions. This will lead to formation of a scroll
with a filament of a helical shape, illustrated in figure 9(a). The picture shows a snapshot of
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a wavefront, defined as an isosurface of the excitation variable, more precisely its part where
the recovery variable is less than a certain constant, so only the front of the excitation wave
is shown but not the back. Note that as a result, the scroll as a whole does not drift anywhere,
as its different parts tend to go into different directions.

(a) (b)

Figure 9: Twisted scroll with helical filament caused by reso-
nant stimulation, (a) in Barkley system, (b) in the rabbit ven-
tricle anatomical model with modified Beeler-Reuter kinet-
ics [23].

The twist of the scroll in fig-
ure 9(a) was created artificially
by using appropriate initial and
boundary conditions. In cardiac
tissue, twist may occur sponta-
neously due to inherent inhomo-
geneities of the electrophysiol-
ogy of cells and anisotropy of
the structure of tissue. This may
result in a failure of the reso-
nant forcing to eliminate scrolls
in heart tissue. A snapshot of
a simulation of resonant forcing
of a fibrillatory activity in an
anatomically realistic model of
heart ventricles is shown in fig-
ure 9(b). Unlike panel (a), here are shown only parts of the wavefronts that are close to the
filament. Technically, the wavefront is defined as an isosurface of the variable representing
transmembrane voltage, which is usually understood as the excitation variable. One of the
other 6 variables was chosen as the recovery variable that is often used to distinguish wave
fronts from wave backs. Here the selection of the voltage isosurface pieces for visualiza-
tion was done by selecting only intermediate (neither the front, nor the back) values of the
recovery variable. So we may assume that depicted are the “lines of singularity”, which cor-
respond to the tips of the spiral waves in 2D, and which rotate around the scroll filaments.
Besides, we can see variations of the phase of the filament, as change of orientation of the
visualized stripe of the front surface. Twist of the filament correlates with its helical shape.

Figure 10: Frenet-Serret
frame at a point of the scroll
filament.

Dynamics of the filament position can be interesting in it-
self even without effects of twist or resonant forcing. The
asymptotic motion equation can be written in terms of the
Frenet-Serret frame, see figure 10, where ~T is the tangent vec-
tor, ~N is the principal normal vector and ~B is the binormal
vector at a point of the filament with coordinate σ along the
filament.

Then in the lowest order, the filament equation of motion
is [26]

(~N + i~B) ·~R = (b2 + ic3)κ (1)

where κ = |∂s~T | is the filament curvature, s is the arclength coordinate, so ds= |∂σ~R|dσ , and
the coefficients b2 and c3 can be calculated using the response function. A simple property
of this equation of motion is that, neglecting boundary effects, the total length of the filament
satisfies

d
dt

∫
ds =−

∫
b2κ2 ds,

that is, if the coefficient b2 > 0, then the filament shrinks unless it is straight; and if b2 < 0,
then it will lengthen, and the straight filament is unstable. Thus this coefficient is sometimes
called filament “tension”.
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(a) (b)

Figure 11: Effects of negative filament tension: (a)
scroll wave turbulence in a big volume, (b) buckled
scroll in a thin volume, Barkley system [24, 25].

Instability of the straight filament,
in a large enough volume of excitable
medium, leads to constant lengthen-
ing through curving, and multiplication
through break-up of scroll filaments, and
can result in “scroll wave turbulence”,
see figure 11(a). The apparently chaotic
character of this regime, and the “critical
mass” phenomenon, in that a large enough
volume is required for it, make it similar to
cardiac fibrillation, hence a possibility that
negative tension may play a role in some
forms or stages of cardiac fibrillation.

Notably scroll wave turbulence occurs
in 3D in the same equations which in
2D render perfectly stable spiral waves.
Hence it is interesting, how transition from a stable 2D rotation to a 3D turbulence hap-
pens in thin sheets of excitable media, like some cardiac muscles, including human atria.
Figure 11(b) illustrates one such regime, where the filament bends but only slightly, and a
result of that bend is precession, showing up on the surface of the medium as a meander-
ing spiral, whose tip describes a flower-like trajectory. A similar phenomenon was observed
in a model of heart tissue [27]. This regime can be described using response functions, but
higher-order asymptotics compared to those in equation (1) are required [25]. The key role in
restabilizing a filament with negative tension belongs to a coefficient called “filament rigid-
ity”. There is an analogy here with mechanics of an elastic beam, so that the negative tension
of the scroll filament corresponds to the compressive stress of the beam, the filament rigidity
corresponds to the beam’s stiffness, and the regime illustrated in figure 11(b) is similar to
“Euler’s buckling” of the beam.

Figure 12: Effect of filament tension on arrhyth-
mogeneity of retracting ischemic border zone. Left:
negative tension. Right: positive tension [22].

The theory of arrhythmogenicity of
retracting ischamic border zone, briefly
described above, was 2D, as were the
cell culture experiments on which it was
based. However some real cardiac mus-
cles, including human ventricles, are es-
sentially 3D. The concept of filament ten-
sion is useful for consideration of possi-
ble 3D aspects, which cannot be studied in
cell culture experiments, but can be sim-
ulated numerically. Two snapshots from
such numerical experiments are shown in
figure 12. The settings in these two exper-
iments were exactly the same except for
the value of an excitability parameter for
the bulk of the recovered tissue above the
retracting ischaemic boundary zone. On the left panel, the excitability is low, so that the
filament tension is negative. After transition of the boundary zone, there is a scroll wave in
the recovered tissue, i.e. in the cardiac muscle we would see a macroscopic re-entry. On the
right panel, on the contrary, the excitability is higher and the filament tension is positive. As
a result, since all the newly born scroll waves have filaments ending within the chaotic activ-
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ity of the moving boundary zone, these filaments are dragged down together with that zone
by that tension. In the simulation in the right panel, after the passage of the boundary zone,
the medium returns to the resting state, which would correspond to no re-entrant activity in
the cardiac muscle.

5 Conclusion
Mathematically, the localization of the response functions of spiral waves is a special

feature of the corresponding linearization operator, when the eigenfunctions of the operator
and of its adjoint have very different properties and belong to different spaces. Physically this
localization means that spiral waves behave like point objects, and scroll waves behave like
string objects, despite their wave appearance. Asymptotic theory based on that is (within
its limits) in good quantitative agreement with direct simulations. This asymptotic theory
can successfully predict new qualitative phenomena (orbital motion, pinning to repelling
inhomogeneity, scroll turbulence, buckling). This theory is applicable to cardiac excitation
models and may have impact on clinically relevant problems.
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Human body can be viewed as a collection of systems, each playing a specific role in
the function of the body as a whole [1]. Transporting systems – gastro-intestinal, cardio-
vascular, lymphatic, urinary, etc., – are important constituents of this collection.

Similar in functional attributes transporting systems share many common features in their
structural organization: each can be regarded as a hollow tubular organ which relies (to a
different extent) on peristaltic motility driven by muscle cells from within the wall of the
conducting tube.

Coordinating contractile muscle activity of the adjacent tube segments is crucial for
achieving efficient transport. Mechanisms that ensure the required coordination in differ-
ent physiological transport systems have been the subject of many experimental and theo-
retical studies [2–10]. These studies have shown that the stimuli, which control the muscle
cell activity, are to a large extent autonomous, independent of central nervous system input.
Instead, the contractions are coordinated locally, by the so-called enteric nervous system.

A wonderful illustration to the autonomous, self-sustainable nature of peristaltic motility
can be found, for example, in the work conducted by Prof. G.W. Mawe and his co-workers
at the University of Vermont College of Medicine. Their research involves filming peristaltic
motility of an isolated guinea-pig colon. The colon segment is kept vital by placing it into an

Figure 1: Image sequence illustrating the self-sustainable nature of peristaltic motility: a rigid pellet
is being propelled by an isolated guinea-pig colon. See [11] for a detailed account of the experimental
procedure. Courtesy of Prof. Gary W. Mawe, Department of Anatomy and Neurobiology, University
of Vermont College of Medicine.
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Figure 2: Dose-dependent reduction of peristaltic propulsion rate. Data are reproduced with permis-
sion of Dr. Gerald Herrera of Catamount Research and Development (www.catamountresearch.com).

oxygenated organ bath. Figure 1 gives a sequence of images from one of their experimental
videos showing a rigid pellet being propelled along the isolated colon segment.

The analysis of experimental data shows that the velocity of the pellet remains fairly
constant along the conducting vessel (see Fig. 2). Motility rates in the same preparation are
consistent in sequential trials (see [12] for raw motility data recorded in a single specimen
from a total of 8 experiments). The consistency of the results allows one to use the described
experimental setup to monitor the response of the transporting system to various influences,
in particular, pharmacological agents [12]. Figure 2 demonstrates the dose-dependent decline
of peristaltic wave velocity caused by verapamil — a common drug for treating high blood
pressure.

Assessing the adverse reaction of transporting organs to drugs is an important problem
that relies on our understanding of the relationship between the motility rate and the state of
the transporting system: the Young’s modulus of the vessel, sensitivity to electrical and me-
chanical stimuli, etc. In our recent paper [13] we have tried to elucidate the abovementioned
relationship by suggesting a mathematical model of self-sustained peristaltic motility.

The model relies on phenomenological representation of contraction control: we sim-
ulated the enteric nervous system with a chain of excitable elements [7, 8]. The excitable
elements have been suggested to be sensitive to mechanical stretch. The ability of a trans-
porting system to perform autonomous peristaltic pumping was interpreted in terms of the
model as the ability to propagate sustained waves of wall deformation.

Figure 3 shows a typical example of a solution of the model equations: a stationary
peristaltic wave with a lumen deformation profile given by ε(z) and a (non-dimensional)
pressure profile given by p(z). Fig. 4 plots the position of the wave’s crest over time to
illustrate the establishment of a stationary regime of propagation in numerical experiments
(compare to Fig. 2).

The analysis of the model allows one to conclude, among other things, that local sen-
sitivity to radial stretch is, in fact, sufficient to organize contractions into a self-sustained
propagating deformation wave even in the absence of “horizontal” control from within the
enteric network. The mechanism of propagation is as follows. The transported fluid bolus
results in the dilation of the tube segment, which, being sufficiently large, causes the vessel
segment to contract. Contraction pushes the fluid bolus into the adjacent segment where it,
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Figure 3: A mathematical representation of a self-sustained travelling peristaltic wave. The position
of the lumen is given by 1+ ε(z) and −1− ε(z) lines. The associated pressure wave is denoted with
p(z). The arrow with a letter “V” above it denotes the direction in which the wave is moving.

Figure 4: The result of a typical numerical experiment: distance from the vessel boundary to the crest
of the wave zmax plotted over time t. l∗ and t∗ denote characteristic length and time scales. Fitting of
data to a straight line is shown for points distant from the vessel boundary. Compare to Fig. 2.

in turn, causes dilation. If the dilation reaches a threshold value, contraction is triggered and
the sequence of events repeats itself.

In this paper we are trying to advance our understanding of coupling through
mechanosensitive control circuits by asking whether other mechanical stimuli, beside radial
stretch, are capable of coordinating peristaltic motility. In particular we focus our attention
on shear stress, as shear stress is known to be a potent regulator of muscle cell activity. It
is especially important in blood vessel physiology [15–17] where it is suspected to play an
important role in coordinating the propagation of waves of vasorelaxation [18–22].

Mathematical model
For the purpose we formulate a simple phenomenological model of a shear stress-

sensitive muscular vessel. The equations of the model are as follows:

(1+ ε)
∂ε
∂ t

=
R0

2

16µ
∂
∂ z

(
(1+ ε)4 ∂ p

∂ z

)
(1)

p+ τs
∂ p
∂ t

= E
(

ε + τc
∂ε
∂ t

)
+ pa, (2)
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∂ pa

∂ t
= S(σ)−β (pa− p1)(pa− p2)(pa− p3). (3)

Eq. (1) results from applying lubrication theory approximations to the equations of mo-
tion of an incompressible Newtonian fluid of viscosity µ in a tube undergoing axisymmetric
deformation [23–25]. The variables introduced are wall deformation ε = ε(z, t) and trans-
mural pressure p = p(z, t). R0 denotes the radius of the lumen at rest, when the vessel wall
is unstrained and unstimulated.

Eq. (2) arises from circumferential stress-strain relationship given by the standard 4-
element linear solid model of viscoelastic wall material [26, 27]. Parameters τs, τc define the
characteristic time-scales of stress relaxation and creep of an unstimulated vessel. E is the
measure of wall stiffness (E ' Y h0/R0 where Y denotes the Young’s modulus of the vessel
wall material). The pa-term is added to the linear solid model to account for contractile
forces that arise in response to regulatory stimuli.

Eqs. (1) and (2) have been used to describe, respectively, the fluid flow and the vessel
wall dynamics in our previous work [13] dedicated to the analysis of regulatory potential
of stretch-induced stimuli. The novel Eq. (3) models the ability of the vessel wall to relax
when the shear stress σ on the luminal surface increases. As in [13] we suggest that, as a
first approximation, the local response to a regulatory stimuli can be described as threshold
«switching» from a «relaxed» state (with pa = p1) to a «stressed» one (with pa = p3 > p1)
and vise versa. A cubic reaction term is used to describe threshold behavior.

The term S(σ) represents a mechanosensitive stimulus associated with local shear stress
σ . One can easily show that within the bounds of lubrication theory approximation the shear
stress σ is given by the following expression:

σ =−R0(1+ ε)
2

∂ p
∂ z

.

Suggesting S(σ) to be independent of the direction of the flow [17] and linear with respect
to the absolute value of the shear stress (as a first approximation) one comes to the following
expression for S(σ):

S(σ) =−α(1+ ε) |∂ p/∂ z| , α = const > 0. (4)

We focus on solving the following basic problem: finding traveling-wave solutions of
wall relaxation from the «stressed» state pa = p3 (ε = 0) into the «relaxed» state pa = p1
(ε = 0).

Assuming

p(z, t) = p(ξ ), ε(z, t) = ε(ξ ), pa(z, t) = pa(ξ ), (5)

where ξ = z−Vt and V (V > 0) denotes the velocity of the traveling wave, one derives from
Eqs. (1)-(4):

−16µ V (1+ ε)ε ′ = R0
2
(
(1+ ε)4 p′

)′
, (6)

p−V τs p′ = E
(
ε−V τcε ′

)
+ pa, (7)

−V p′a =−α(1+ ε)
∣∣p′
∣∣−β (pa− p1)(pa− p2)(pa− p3). (8)

(The prime denotes differentiation with respect to ξ .)
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To simplify the analysis let us introduce an analytically tractable approximation of
Eqs. (6)-(8). For the purpose we restrict our analysis to small deformation values1 so that
nonlinear terms in Eq. (6) can be neglected (see [13] for details). Also, we replace the cubic
reaction term in Eq. (8) with a piecewise linear analogue.

After introducing the following dimensionless quantities (ϒ = p3− p2):

ξ̃ = ξ

(
R0

4ϒ

√
E

β µ

)−1

, p̃ =
p− p1

ϒ
, ε̃ =

Eε
ϒ

, p̃a =
pa− p1

ϒ
, Ṽ =V

(
R0ϒ

4

√
βE
µ

)−1

,

τ̃s = ϒ2βτs, τ̃c = ϒ2βτc, α̃ = α

(
R0ϒ

4

√
βE
µ

)−1

, p̃thr
a =

p2− p1

ϒ
,

(9)

the approximate model equations take the form:

−Ṽ ε̃ = p̃′, (10)

p̃−Ṽ τ̃s p̃′ = ε̃−Ṽ τ̃cε̃ ′+ p̃a, (11)

−Ṽ p̃′a =−α̃
∣∣p̃′
∣∣− p̃a +H(p̃a− p̃thr

a ). (12)

We look for traveling wave solutions of (10)-(12) which satisfy the following boundary con-
ditions:

{ p̃, ε̃, p̃a}→ {1,0,1}, at ξ̃ →+∞, (13)

{ p̃, ε̃, p̃a}→ {0,0,0}, at ξ̃ →−∞. (14)

Note that in view of (13)-(14) one can set |p̃′|= p̃′ in Eq. (12).2

Results
The procedure we follow to approach the problem (10)-(14) is described, for example,

in [28–31]. We construct a traveling front out of two pieces: the leading edge where p̃a > p̃thr
a

and the trailing edge of the wave corresponding to p̃a < p̃thr
a . (Thanks to the piecewise linear

character of the model the solutions for each piece are the sums of three exponentials —
the general solution of the related homogeneous equation — and a particular solution.) The
composite solution is subject to boundary conditions (13)-(14) and a matching condition
(continuity) at p̃a = p̃thr

a .
Finding a composite solution that satisfies both the boundary and the matching conditions

results in an eigenvalue problem [32–34]. The eigenvalues (the velocities Ṽ of the traveling
wave) are defined by the following implicit equation:

(1− p̃thr
a )k1(k1− k2− k3) = 1/Ṽ 2 + p̃thr

a k2k3− (k2 + k3)/Ṽ . (15)

1Note that deriving Eq. (10) requires integration of Eq. (6) prior to linearization. Integrating Eq. (6) is done
assuming {p′, p,ε}→ {0,0,0} as ξ →±∞.

2Rigorously speaking replacing |p̃′| with p̃′ requires us to suppose that pressure distribution p̃(ξ̃ ) is
monotonous. The analysis of solutions with non-monotonous pressure profiles is beyond the scope of the
present paper. Also, note that, given Eq. (10), the following equations are true: S(σ) ≡ −α|p′| = −α p′ =
αV ε = α̂ε . Therefore, from a mathematical viewpoint, the regulatory stimuli due to shear-stress variation are
equivalent to those induced by radial stretch in the small deformation limit.
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Here kn, n = 1,2,3 represent the roots of the of the differential system’s characteristic equa-
tion L(k) = 0:

L(k,Ṽ ) = c3(Ṽ )k3 + c2(Ṽ )k2 + c1(Ṽ )k+ c0(Ṽ ),

where

c3(Ṽ ) = τ̃cṼ 2, c2(Ṽ ) = τ̃sṼ 3− (1+ τ̃c)Ṽ ,

c1(Ṽ ) = 1+ α̃Ṽ − (1+ τ̃s)Ṽ 2, c0(Ṽ ) = Ṽ .

Numerical analysis of Eq. (15) indicates that, in general, two different solutions can
be found for each set of governing parameters {τ̃s,τ̃c, α̃, p̃thr

a }. Stability analysis shows that
solutions with a smaller propagation velocity are unstable. The eigenfunctions corresponding
to particular solutions of Eq. (15) define the profile of deformation and pressure along the
wave. A typical stable solution is presented in Figure 5. The solutions resemble waves that
were hypothesized to propagate in vessels with Bayliss regulation of myogenic activity [35].

Figure 5: An example of a traveling wave of vasorelaxation-type of solution (τ̃s = 0.08, τ̃c = 0.08,
α̃ = 2.5, p̃thr

a = 0.5). The non-dimensional velocity is equal to Ṽ = 1.97.

Qualitative understanding of the solution’s behavior can be obtained by analyzing the
model with a quasi-steady state approximation of Eq. (12). Introducing

α̃ p̃′ =−p̃a +H(p̃a− p̃thr
a ) (16)

instead of Eq. (12) one can easily obtain the following explicit expression for the velocity of
the wave3 from an analogue of Eq. (15) :

Ṽ± =
(α̃±η)+

√
(α̃±η)2 +4τ̃s

2τ̃s
. (17)

Here η =

√
α̃2
/(

1− p̃thr
a
)2−4τ̃c. (Note that the asymptotic profiles corresponding to ex-

plicit solutions given by (17) are no longer continuous. See [13] for a more comprehensive

3It is worth noting that, in addition to the quasi-stationary limiting case described in the main text, there is
another special set of parameters at which the problem can be explicitely solved: τ̃s = τ̃c ≡ 0, p̃thr

a = 0.5.
The case therefore describes a system with a wall characterized by fast stress and strain relaxation and a
«symmetric» mechanosensitive responce. The velocity in such a system is given by:

Ṽ± =
α̃±
√

α̃2−4
2

.

The existence condition is α̃ > 2.
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discussion of an analogous asymptotic analysis in the case of stretch-induced mechanosen-
sitivity.) The explicit solutions corresponding to (17) exist provided that

α̃ > 2
(

1− p̃thr
a

)√
τ̃c. (18)

It is interesting to note that the analysis of Eqs. (10)-(12) conducted above allows one to
conclude that shear-stress sensitivity can mediate self-sustained propagation of another type
of waves, namely waves of vasoconstriction in vessels with a “positive” contractile reaction
to augmenting stress (with α < 0, see Eq. (4)). Experiments indicate that such “positive”
reaction to shear stress is characteristic to the blood vessels of the brain [36, 37].

To prove their existence one can make use of the fact that the system (10)-(12) is invariant
with respect to the following substitution:

Ṽ →−Ṽ , α̃ →−α̃, p̃(ξ̃ )→ 1− p̃(−ξ̃ ), ε̃(ξ̃ )→−ε̃(−ξ̃ ),

p̃a(ξ̃ )→ 1− p̃a(−ξ̃ ), p̃thr
a → 1− p̃thr

a .
(19)

Conclusions
We presented a simple mathematical model (1)-(3) of a shear-stress sensitive vessel. The

model was used to analyze whether shear-stress sensitivity can serve as a factor securing
peristaltic motility coordination.

The ability to coordinate motility was interpreted as the ability to ensure sustained propa-
gation of deformation waves. The problem therefore was reduced to searching for traveling-
wave solutions of the model equations.

To simplify the search a piecewise-linear approximation (10)-(12) of the model was in-
troduced. The approximate model is analytically tractable. We used it to demonstrate the
existence of sustained solutions, in particular traveling waves of vessel relaxation. We pro-
ceeded with developing an asymptotic quasi-steady state modification of the model and man-
aged to derive the explicit formula for the velocity of the wave in a quasi-steady state model
(see Eq. (17)) and the explicit condition securing their existence (18).
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1 Examples of solitonic excitations
Besides the commonly observable transverse or longitudinal, linear, harmonic waves

(water waves in a pond, musical notes in a string or a diapason, compression-expansion,
dilatational waves in elastic rubber) many examples of nonlinear, pulse-like waves of trans-
lation are also known in nature and technology [1–4]. In modern times, the first report on
so-called solitary waves was published by J. S. Russell (a naval engineer-architect), around
mid-XIXth century. In the Physics school laboratory, students may recall having observed
running pulses in chains of balls. Indeed an array of balls in close contact offers a wave trans-
mission line. It suffices to kick the ball at an extreme to see pulse propagation along the array
as a consequence of hard-sphere (impulsive) interactions. The momentum/energy given by
the kick is transported by local compressions (and expansions). Tsunami (in Japanese, waves
in harbors) is also a typical consequence of waves of translation initiated by a sudden kick
originated by a seaquake or a huge underwater landslide. They have been observed traveling
thousand of kilometers at speeds of hundreds of kilometers per hour. Initially the kick may
create an apparently innocuous wave of meter amplitude. Yet as it wavelength may reach
a hundred kilometers or more on ocean waters over many kilometers of front, and a few
kilometers depth, it can carry unaltered, huge running powers of more than several hundred
kilowatts per square meter of front that eventually reach shore thus becoming highly dev-
astating at shore. Nice and pleasant surf waves near shore also belong to the tsunami type
and often a periodic array of such waves can be seen off-shore. Bores in rivers, also denoted
hydraulic jumps (in French, mascarets) are like shock waves in gases or in crystalline mat-
ter (kinks which are not strictly shocks are also observed in such materials). They are also
typical nonlinear waves moving upstream while the river flows downstream. They are gen-
erated by tides in specific rivers, like in the Amazonas in Brazil or in the Severn in England.
Bore transport was used several centuries ago by Chinese peasants and merchants to trade
over hundreds of kilometers. Hydraulic jumps also occur as internal waves in Straits like in
the Gibraltar or in the Messina in the Mediterranean Sea. Similar internal waves have also
been observed in the Atmosphere like the Morning Glory cloud in the Gulf of Carpentaria
in northern Australia. In technology pulse waves are used to propagate light along opti-
cal fibers where the nonlinearity of the material is dynamically balancing electromagnetic
diffraction along the path. Also worth mentioning is the report of unexpected behavior in
electric power grids [5]. A few years ago the breakdown of a power line in Bremen in Ger-
many apparently resulted in the sudden collapse of electric current in Spain, quite a long
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distance apart. Something similar happened in the grid linking France to Italy via Switzer-
land, due to a failure in the latter. Other typical pulse-like waves are the action potential in
nerves [6]. They are responsible of the functioning of our brain and our body movements.
They are consequence of the interplay between nerve (axon) membrane features and ionic
electric motions across the membrane due to the brine (about 70 % or more inside our skull)
surrounding the neurons. Recently, in connection with microelectronics problems great in-
terest has aroused in studying electrical networks at the nanoscale. The electric circuits of the
future may very well consist of grids or networks of quantum dots connected to appropriate
conducting edges. This would require a mechanism transporting electrons from one dot to
another distant one. Today this is usually done by imprinting wafer masks prescribing the
path along which electrons can go. But this is not the only way. An alternative is to obtain
electron surfing on acoustic (hence longitudinal) waves of translation like recently achieved
in piezoelectric GaAs layered structures [7–9].
Electron surfing is not alien to surf near shore or on river bores, as the underlying mathe-
matical framework is the same. Indeed soon after the above mentioned report published by
Russell, theory was developed already in the XIXth century, by Boussinesq, Lord Rayleigh
and Korteweg and de Vries, among others, culminating in the soliton concept introduced by
Zabusky and Kruskal in the sixties of XXth century. The universality of the soliton concept
embraces Mathematics, Physics, Chemistry, Engineering, Ecology, Neurodynamics, Popu-
lation Dynamics, etc. Originally solitary waves (and, subsequently, solitons) were shown to
be a consequence of the dynamical balance between nonlinearity (wave speed depends on
amplitude) and dispersion (wave speed depends on color or wave length). This is typical of
waves eventually becoming tsunami and surf waves (very much like Sech forms). Shocks are
rather attributed to the dynamical balance between nonlinearity and (viscous and heat) dissi-
pation (very much like Tanhs forms; note that its derivative brings to the Sech). In both cases
this is just an oversimplification to understand wave phenomena occurring in nature and tech-
nology. Toda was first in solving exactly a soliton problem in a model lattice he invented.
He was able to analytically obtain the consequences of strong compressions. This together
with the finding of some other exactly solvable models has led to a huge development of ap-
plied mathematics, computational simulations, basic science and applications. Initially the
interest was placed on integrable Hamiltonian systems (with one too many, infinite integrals
of motion) but his was later on considered as the ideal case.

2 Solitonic excitations on chains and rings
As we mentioned already a breakthrough was an exact solution obtained by Toda for

chains of nonlinear springs with exponential repulsion U(r) = (κ/b)exp(−br) and periodic
b.c. [1, 2]. Toda solved the following system of equations:

dxn

dt
= vn, m

dvn

dt
=−∇nU(x1, ...,xn) (1)

(U-potential energy). The exact Toda solution reads [1] for the compression ρn = xn−1− xn:

ρn =
1
b

ln
[
1+

sh2(qa)
ch2(q(na± vst))

]
, vs = v0

sh(qa)
qa

(2)

where v0 = a
√

κ/m is the sound velocity. In the long-wave limit the compression density
may be expressed by

ρ(x, t)' ρ0sech2(κξ ), ξ = (x(t)− x(0)± vst)/σ , (3)
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This function is a solution of the Bussinesq equation and of the corresponding Korteweg-
deVries equation. Note that x(t) = x(0)±vst is the actual position of the right- or left-moving
soliton at time t, vs is the (supersonic) soliton velocity. Further q is the reciprocal width of the
soliton, which is in the strongly supersonic case proportional to the soliton velocity [10, 11].
The expression (3) can be applied to a wide variety of potentials, in particular to FPU-3 and
Morse potentials.
Circuit implementations of Toda rings were described by Singer, Oppenheim and others [12].

Figure 1: Schema of a ring of Toda springs connecting 6 nodes which are driven by Rayleigh energy
sources (left). Exponentially dedcaying Toda forces.

The Toda ring described so far is conservative. In order to compensate the losses in phys-
ical rings of elements we developed in related work with Valeri Makarov, and Ezequiel Del
Rio a driven electrical network with Toda connections [13–15]. The dynamics of the nodes
was supported by Rayleigh- Van der Pol- type energy sources. The schema is demonstrated
in Fig. 1. The typical excitations on this electrical network are quasi-stationary periodic
electric pulses. The modes of the driven Toda ring were realized in hardware by electrical
circuits, so that the excitations can be seen on a screen [13, 14].
More interesting topologies of the excitations and useful applications may be reached by
twisting the ring as shown in Fig. 2. This electrical network found a valuable application for
controlling the legs of hexapod robots which indeed have the same dynamic symmetries as
our twisted Toda ring [15, 16]. In order to understand the essence of this application let us
make a little excursion to the control of the legs of animals [16].

Animal locomotion is driven by a central pattern generator (CPG), which is an intra-
spinal network of neurons capable of generating a rhythmic output required for the limb
control. The study of CPGs is crucial for understanding both the global animal behaviour
and particular functions of such neural networks. Besides it is also important for designing
neuro-inspired robots capable to move in an efficient manner like the living organisms do.
The architecture of CPGs is seldom observable in vivo. However, important aspects of their
structure can be inferred from observation of gait features such as the phase of the gait cycle
at which a given limb hits the ground. Then phenomenological models reproducing these
features can be introduced and used for the robot design. To solve the problem of dynamical
pattern formation and robust transition among several types of gaits the use of oscillatory
neural networks with different architectures has been proposed. In our approach we used the
fact, that most animal gaits possess a degree of symmetry and universal features not far from
the behavior of rings of coupled oscillators. It has been shown that coupled nonlinear oscilla-
tors can be considered as possible models for locomotor CPGs in insects and other animals.
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Then transitions between different gaits can be modeled as a symmetry breaking bifurcation,
leading to the switch between different activity patterns in a ring. In this paper we approach
the problem of control of locomotion from the nonlinear dynamics viewpoint. We make
remarkable parallels between waves observed in coupled nonlinear oscillators and the sym-
metries found in animal gaits. We describe how this observation might impose constraints on
the general structure of a neural circuit controlling locomotion. To demonstrate the approach
we considered a ring of coupled oscillators whose nonlinear elements are drawn from works
of Lord Rayleigh and Toda. We proposed a method of combination of hamiltonian Toda
inter-particle nonlinearity with the Rayleigh active friction. We showed theoretically and
numerically existence and stability of propagating wave including solitons in such a hybrid
system. Further several hardware implementations of the six-units model were developed
and tested [13, 14]. We have demonstrated that the repulsive exponential forces which ap-
pear in the Toda system may be easily implemented with the help of ordinary junction diodes.
The excitation patterns in a ring of coupled Toda-Rayleigh oscillators have the same sym-
metries as the common forward-walking gaits adopted by six-legs insects. In most earlier
works gaits have been considered as fixed oscillatory rhythms. However, insects (and other
animals e.g. crustaceans) apply free gaits, changing rhythms according to the environment.
We propose a method how to incorporate the actuator (motor) dynamics in the CPG based on
the Toda- Rayleigh circuit, hence closing the loop CPG – environment – CPG. Thus exten-
sive calculations during locomotion over a nonhomogeneous environment are naturally done
on the low CPG level with no direct participation of the robot “brain”. Animal locomotion
typically employs several distinct periodic patterns of leg movements, known as gaits. Most
of the gaits possess some degree of symmetry. This way we have shown in our work how the

Figure 2: Schema of a twisted Toda network consisting of 6 nodes which are driven by Rayleigh
energy sources. The upper left schema shows the original ring structure and the upper right schema
the twisted network configuration which is used for controlling a hexapod robot sketched below.

symmetries of the gaits of hexapod animals and the corresponding robots can be modelled
by the soliton dynamics of twisted Toda rings sustained by Rayleigh energy sources [16].

3 Solitonic excitations on two-dimensional networks
So far we studied 1d - networks where all nodes were arranged on a line or ring or

on a twisted ring. Now we are going to study 2d lattices, were the nodes are atoms or
electrical elements and the connections are defined by intermolecular forces or wires etc. As
an example we study a two-dimensional triangular (equilateral) lattice of atoms connected
by intermolecular forces or a corresponding electrical network.
In the two-dimensional case no closed soliton theory exists so far. A generalization of the
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Boussinesq and Korteweg-de Vries equations to the two-dimensional case is the Kadomtsev
- Petviashvili equation which has two known analytical solutions [17, 18]. The first one is a
planar soliton

ρ(x,y, t) = ρ0sech2(κξ ), ξ = (x− vst)/σ , (4)

which does not depend on y. Its profile reduces to the 1d solution. The second solution is the
so-called "lump solution"

ρ(x,y, t) =
vsy2−3vs− (x− vst)2

[vsy2−3vs +(x− vst)2]
2 (5)

This is a true two-dimensional solution of the Kadomtsev - Petviashvili equation which is
most relevant for our problems. It has the form of a lump or a moving hill of the compression
density. The lump solution, shown in Fig. 3 is normalized to unity (like a wave function)
and the amplitude is given by ρ0 =

12
9 vs.

For studies of solitons in atomic 2d-layers we used the model of equilateral triangular
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Figure 3: Lump-like soliton solution of the KP-equation moving in x-direction at two subsequent
times.

lattices [19, 20]. For technical reasons we used a complex writing introducing the variable
Zn = xn + iyn. Then the equations of motion read

d2Zn

dt2 = ∑
k

Fnk(|Zn|)znk (6)

Solitonic excitations were excited in equilateral triangular Morse lattices by kicks in the
direction of crystallographic axes. The solitons are able to move with supersonic velocity
along the crystallographic axes and are rather stable [19, 20]. For experimental studies on
solitonic excitations in two-dimensional lattices we refer to the work of Nayanov [7].
We mention also lattices of Lotka-Volterra type which were studied by Popov, who proved
by simulations the existence of solitonic excitations [21].

4 Surfing on solitons on chains and in 2d-lattices
The simplest case is when the charges follow a classical dynamics as well as the particles

in the chain. An electric realization with 6 circuits on a ring was studied in detail in [14, 15]
and discussed in the previous section. Instead of the exponential repulsive Toda forces we
used in the mentioned work semiconductor elements with exponential characteristics. The
running pulses of the voltage on the ring with crossed geometry were applied to controlling
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the gaits of a hexapod [16]. The gaits are so to say "surfing" on the solitons running on the
crossed six-ring.

A few analytical results are also known which describe the interaction of supersonic
solitons with electrons which require a quantum description [10]. The atoms in a lattice
generate - in the presence of charges - a potential well as long ago studied already by Landau
and Pekar and in the supersonic case by Davydov and Zolotaryuk [10]. According to these
authors, the wave function of this moving bound state reads

Φ0(x, t)'Csech(κξ ′), ξ ′ = (x(t)− x(0)± vset)/σ . (7)

Accordingly the electrical density created by a supersonic lattice soliton along the coordinate
x is equal to the compression density ρe(x) = ρ(x). Under more general conditions the
equality does not hold but still the deformation density and the electrical density are near
to each other. In applying these formulae to a two-dimensional system, the x-coordinate
has to be oriented along one of the crystallographic axes. The moving ground state is bell-
shaped and vse is the velocity of the solectron. According to the original Davydov theory the
solectron velocity agrees with the soliton velocity. However this is only asymptotically true,
in the case that vs is only slightly above the sound velocity, the solectron velocity occurs to
be always slower than the soliton velocity and may be even below the sound velocity [31].
In other words, a solectron can be formed only by a supersonic lattice soliton, the resulting
bound state however, may be slower and can be supersonic or slightly subsonic [31].

A microscopic 1d-realization with quantum electrons was used for controlling the path of
electrons [22]. We have shown that solitons are able to form bound states with the electrons
and take over control. This way solitons are even able to catch electrons lying on their way,
this effect has been called "vacuum-cleaning effect" (see Fig. 4) [23–26].
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Figure 4: Vacuum-cleaning effect: A soliton which started here at position n = 40 is able to bind an
electron (initially located at n = 50) and both move then together.

These effects exist also in the two-dimensional case. The surfing of electrons on non-
linear sound waves was experimentally studied in several quite recent papers [8, 9]. For
simulations of electron surfing on solitons in triangular lattices see [27].

5 Influence of noise - Langevin and Pauli models
According to Langevin the simplest approach of including noise is to add a white noise

term to Newtons equation. In units with m = 1 and introducing Dv as the strength of noise
leads to the following Langevin equation with Gaussian white noise ξ (t):

dr
dt

= v ;
dv
dt

=−∇U(r)− γ0v +
√

2Dvξ (t) (8)
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In the 2d-case we add similar terms to eq.(6). This is the basis for our simulations of chains
and lattices. In order to simulate the dynamics of electrons the simplest approach is to
assume (see ref. [30, 31]) that the occupation probabilities of electrons pn of the state n,
characterized by a position rn and an energy En:. satisfy a master equation:

d pn

dt
= ∑

n′
[Wnn′ pn′−Wn′n pn] . (9)

The basic assumption is that the electrons follow a hopping dynamics with quantum mechan-
ical transition probabilities for the transition from site n to site n′ given by

W (n,n′) =
V 2

0
h̄

exp[−2αh|rn− rn′|]E(n,n′,β ). (10)

Here the first factor models an exponential decay of the transition probabilities with the
spatial distance of the atoms. Further E(n,n′,β ) is some symmetrical function which is in
the Pauli theory a delta function E ∼ δ (En−En′). Several other approximations are known
which take into account the influence of the heat bath, as e.g. the Lorentz profile . We use
a standard approximation which is the Monte Carlo algorithm for the transition probabilities
[30, 31]). The master equation is a useful tool for computer simulations of irreversible (non-
coherent) electron hopping processes. Since the detailed balance is obeyed, it is guaranteed
that in thermal equilibrium an H-theorem is valid and any initial distribution converges to
the canonical distribution. The Pauli system of equations provides a rather fast tool for the
simulations of the electron dynamics

Figure 5: 2d Morse lattice. Soliton and electron placed near to each other but at different rows. The
traveling soliton along the crystallographic axis, x, interacts with the electron being able to gather the
electron probability density around itself, in kind of "vacuum cleaning" process [22, 27], eventually
forming a solectron bound state and hence bringing the electron to the boundary of the lattice. The
four pictures correspond to successive time instants. Parameter values: N = 400, bσ = 4, and T =
0.01 (measured in units 2D where D is the depth of the Morse well).

6 Influence of electrical fields on solectrons - Fokker-Planck models
Since the fluctuative source is a Gaussian white noise, the distribution density f (r,v, t)

obeys a Fokker-Planck equation [32–34]. A quantum-statistical derivation of a Fokker-
Planck equation for solectrons was given by Gogolin [35, 36]. Instead of the complicated
expression derived by Gogolin we use a semi-phenomenological Ansatz which reflects cor-
rectly the physics of the solectron formation:

∂ f (v.t)
∂ t

+
eE
ms

∂ f (v.t)
∂v

=
γs

ms

∂
∂v

[
∂ε(v)

∂v
f + kBT

∂ f
∂v

]
. (11)
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The essential point is that the electron is kept by the soliton in a potential well and that the
solectron is hold near to the soliton velocity. To say it with Gogolin: "The field does not
perturb an electron in a well; it simply accelerates the polaron to velocities v ' vs, without
causing its destruction". For the effective energy of driven solectrons we will use an ansatz
borrowed from the the theory of driven Brownian motion [33, 34]:

ε(v) =
ms

2
[v2−q log(1−a|v|+dv2)]. (12)

Here ms is the effective mass and γs the effective friction due to the linear phonon-type
excitations in the medium of the solectron, a,d,q are some constants also characterizing the
medium. Note that the original ansatz from [33, 34] was extended by a linear term a|v|,
which leads in v = 0 to a Landau-like linear behavior. The soliton velocity vs corresponds to
the side minima of ε(v) (see Fig. 6). Note that the structure with side minima reminds us the
roton minimum discussed in Landau’s theory of superfluidity. The stationary solution of the
Fokker-Planck equation is in our approximation given by

f (v) = Z−1 exp
[
−ε(v)

kBT
+

eEv
γskBT

]
. (13)

Note that the partition function is field-dependent Z(vT ,vs,vd), where vd is the Drude drift
velocity, which is the classical approximation for drifting electrons and the vsd the soliton
driven velocity in the field

vd =
eE

msγs
, vsd = kBT

∂
∂vd

logZ(vT ,vs,vd) (14)

The normalization integral Z may be numerically integrated, the drift can be estimated by

vsd ' vs tanh
[

vdvs

v2
T

]
i f vs > vd (15)

The resulting curve for the drift velocity in an electrical field is shown in Fig. 6 b. The drift
velocity at small fields increases quickly, up to fields when the soliton velocity is reached.
This corresponds to a high differential conductivity. We note that the slope at small fields
gets steeper with lowering of temperature T and corresponding thermal velocity vT . This is
studied in detail in Fig. 7. Here we show a set of decreasing thermal velocities (decreasing
temperatures). Further we show that the slope, the derivative at low fields gives the static
conductivity, is possibly much higher than the Drude conductivity. We presented in Fig.
7 one example with vT = 0.1vs where the conductivity is 10 times higher than the Drude
value. With increasing temperature, if the thermal velocity approaches the thermal velocity,
the conductivity converges to the Drude conductivity. We note a close relation of these
findings to the results of numerical simulations of the drift velocity [15, 23, 24].

We give the drift velocity related to the soliton velocity as a function of the Drude-
velocity (which is proportional to the electrical field) to the soliton velocity. For comparison
the linear Drude approximation is shown. We presented in Fig. 7 is a theoretical curves
for 3 temperatures vT >> vse (straight line), vT = .5vs,vT = .1vs. The lowest temperature
correspond to about room temperature and gives the steepest derivative in the zero pint. We
note that T = 0, which is out of the range of this approximation, formally corresponds to
a large derivative in the zero point. Most interesting from the physical point of view is
that solectrons are very fast in comparison to normal conduction electrons. Denoting the
solectron density in a sample by nse the electric conductivity is σse ' nseevsd . That means,
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if one could succeed to create samples with larger solectron densities nse > 1020cm−3 then
the solectronic conductivity could be higher than the conductivity of copper. Ultra-high
non-Ohmic drift velocities in dependence on the field were observed experimentally in [28]
and treated theoretically in several papers [15, 23, 35–38]. The supersonic velocity is in
physical units around Å/ps which corresponds to km/s. This is a rather fast electron motion
in comparison to the standard velocity of conducting electrons which is usually in the range
of cm/s or m/s. The conduction electrons in copper have velocities of about 0.5 m/s at
1 V/cm, solectrons are about 1000 - 10000 times faster. We note that the low-field drift
corresponds to a high conductivity which may be orders of magnitude above the Drude
conductivity. The shape of the curve shown in Fig. 7 is typical and agrees qualitatively
with the results of the experiments and simulations [15, 23, 24, 28, 38].

7 Conclusions
We have shown that solitonic excitations at networks play an important role for pro-

cesses in nature and technology. Here we discussed mainly the coupling between solitons
and charges moving on one and two-dimensional networks. In particular we discussed sev-
eral prospective applications as the control of robot by twisted rings of electric circuits, the
control of elementary charges on the micro- and nanoscale and perspectives for the devel-
opment of future high-conducting wires based on solectronic currents. Candidates for the
development of materials with ultra-high solectron-mediated mobility are polyacetylene and
polydiacetylene.
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One way to generate Lyapunov function for the
chemical kinetic equations

E.V. Gasnikova
Laboratory for Structural Methods of Data Analysis in Predictive Modeling, MIPT, Moscow, Russia

e-mail address: evgenia.gasnikova@gmail.com

Consider a macrosystem. This macrosystem can stay at different states described by the
vector with the integer non-negative components. In the considered system at the random
moments of time (chemical) “reactions” take place: ~n→~n−~α +~β ,

(
~α,~β

)
∈ J. J — the set

of all possible types of reactions (finite set). Let’s introduce following to M.A. Leontovich
(1935) intensity of the reaction:

λ(
~α,~β

) (~n) = λ(
~α,~β

)
(
~n→~n−~α +~β

)
= M

1−∑
i

αi
K~α
~β ∏

i:αi>0
ni · . . . · (ni−αi +1),

where K~α
~β
≥ 0 — a constant of reaction. It is often assumed that ∑

i
ni(t)≡M. So λ(

~α,~β
) (~n)

— is a probability to the reaction ~n→ ~n−~α +~β takes place in the unit of time. On the
macro level this dynamic corresponds to the chemical kinetic (CK) principles. We assume
that dim ~n and the number of the reaction |J| doesn’t depend on M. Note that (see [1])
〈~µ,~n(t)〉 ≡ 〈~µ,~n(0)〉 (inv) iff ~µ is orthogonal to Lin

{
~α−~β

}
(
~α,~β

)
∈J

.

Let at the t = 0 for all i exists ci(0) = lim
M→∞

ni(0)/M > 0. Then for arbitrary t > 0 and for

all i exist determinate limits ci(t)
a.s.
= lim

M→∞
ni(t)/M. Moreover,

dci

dt
= ∑(

~α,~β
)
∈J

(βi−αi)K
~α
~β
~c~α , ~c~α = ∏

j
cα j

j . (CK)

This statement is following from the results of Troterr-Kurtz (1986) [2].
Considered stochastic chemical kinetic (in discrete time) we can represent as random

walks on a graph G = (VG,EG). Where G is a integer lattice in non-negative ortant in space
of the dimension dim ~n. To say more precisely, in the hyperplane, defined by the (inv). Let’s
designate the matrix of transitional probabilities P = ‖pi j‖, and stationary measure by π .
Let’s introduce the following definitions:

h(G) = inf
S⊆VG:π(S)≤1/2

P
(
S→ S̄|S

)
= min

S⊆VG:π(S)≤1/2

∑
(i, j)∈EG: i∈S, j∈S̄

π(i)pi j

∑
i∈S

π(i)
, (Cheeger constant)

T (i,ε) = Θ
(

h(G)2
(

ln
(
π(i)−1)+ ln

(
ε−1))

)
. (Mixing time)
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Then (see [3])

∀ i ∈VG, t ≥ T (i,ε)→
∥∥P t(i, ·)−π( ·)

∥∥
TV = ∑

j

∣∣P t(i, j)−π( j)
∣∣≤ ε.

Theorem. Let invariant measure can be represented in the form:

ν (~n) = M exp(−M · (H(~n/M)+o(1))) , M� 1, (IM)

with smooth function H(~c). Then

a) If~ξ (~s)= argmax
~ξ

{〈−→
lns,~ξ

〉
−H

(
~ξ
)}

fulfilled Fermat’s principle:
−→
lns= grad H

(
~ξ (~s)

)
,

then full derivative according to the system (CK) dH (~c)/dt|
~c=~ξ (~s) ≤ 0.

b) If H (~c) is strictly convex then h(G) = O
(

M−1/2
)

.

Scheme of the prove. a) Let’s introduce generating function [4]:

F(t,~s) = ∑
~n

P(~n(t) =~n) ·~s~n, |~s| ≤~1, ~s~n = sn1
1 ·sn2

2 · . . . . (GF)

This (GF) satisfies to the following quasi linear partition differential equation (PDE):

∂F(t,~s)
∂ t

= ∑(
~α,~β

)
∈J

(
~s
~β −~s~α

)
K~α
~β

M
1−∑

i
αi ∂ α1+α2+...F(t,~s)

∂ sα1
1 ·∂ sα2

2 · . . .
. (PDE)

Note, that if we take partition derivative ∂/∂ si from the both side of the equation (PDE),
to divide (PDE) on M beforehand, and then put~s = (1, . . . ,1)T , so we obtain in the limit
M→ ∞ (we assumed also that there exists the following limits lim

M→∞
ni(0)/M) the system

(CK). From (IM) and (GF) we have:

F (∞,~s)≈M
∫

eM
(〈−→

lns,~ξ
〉
−H(~ξ )

)
d~ξ .

Therefore [5], we have

M−(α1+α2+...)∂ α1+α2+...F(∞,~s )
∂ sα1

1 ·∂ sα2
2 · . . .

≈
~ξ (~s )~α

~s~α
C(~s,M),

where ~ξ (~s) is defined by the system
−→
lns = grad H(~ξ ), and function C( ·) > 0 — doesn’t

depend on ~α and bounded uniformly on M. Hence,

0≡ ∑(
~α,~β

)
∈J

(
~s
~β −~s~α

)
K~α
~β

~ξ (~s )~α

~s~α
= ∑(

~α,~β
)
∈J

(
e
〈
~β−~α,grad H

(
~ξ (~s )

)〉
−1
)

K~α
~β
~ξ (~s )~α >

> ∑(
~α,~β

)
∈J

〈
~β −~α, grad H

(
~ξ (~s )

)〉
K~α
~β
~ξ (~s )~α =

dH (~c)
dt

∣∣∣∣
~c=~ξ (~s )
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— the complete derivative of the function H(~c) according to the system (CK) at the point
~ξ (~s ).

b) It is sufficient to notice that under the conditions of strictly convexity of H (~c) the isoperi-
metric problem

min
S⊆VG: π(S)61/2

∑
(i, j)∈EG: i∈S, j∈S̄

π (i) pi j

∑
i∈S

π (i)
,

reduces to the following problem

min
S⊆VG: π(S)≈1/2

∑
(i, j)∈EG: i∈S, j∈S̄

π (i) pi j

∑
i∈S

π (i)
,

where the set S can be chosen as sphere (in subspace (inv)) in proper metric close to Eu-
clidian with the center at the (unique) equilibrium. Equilibrium is determinate as argmin-
imum H (~c) over the set (inv). Since dim (inv) ≤ dim ~n doesn’t depend on M, we have
the desired estimation.

Consequence. Let the condition (IM) is true. Attractor set of the system (CK) belongs to
Arg min

~c∈(inv)
H (~c). That is, at the large values of time the arbitrary trajectory of the system

(CK) is closed enough to this set.
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1 Introduction
Living beings show a distinct tendency to gather into comparatively large groups of indi-

viduals, whose ability to interact increases as their internal structure becomes more complex.
Such interaction, mediated by the exchange of communicating signals, turns out to be ad-
vantageous for community survival. Moreover, collective behaviour has a deep impact in
the surrounding environment on the one hand, as well as on the structure of the community
itself, whose evolution in time is often termed as social dynamics.

The analysis of the behaviours displayed by living societies leads at once to a number of
relevant problems in different scientific fields. For instance, starting with simple organisms,
it is widely assumed that the growth of large colonies of cyanobacteria in early Earth gave
rise to a high oxygen production, which irreversibly changed the atmosphere of the planet
and the nature of creatures that could live on it [1, 2]. Actually, ever since the chemical
composition of our atmosphere needs to be kept under strict control, and suspicion is growing
that human-induced climate change is seriously damaging such regulation [3].

Even simple organisms are able to exchange information and coordinate their behaviour
through the use of appropriate signals. Consider for example the social amoeba Dic-
tyostellium discoideum (Dd for short), a well-studied model in Developmental Biology (see
http://dictybase.org). When food becomes scarce, Dd individuals enter a developmental
stage which begins by their clustering into aggregating centres, following gradients of a
chemical messenger (cAMP) that they themselves release (see [4] for a survey). As individ-
ual complexity increases, so does the nature of the signals exchanged and that of the patterns
thus induced. It is well beyond the scope of this work to present a comparative analysis
of social patterns for different types of organisms. The reader is instead referred to recent
studies on bacteria [5, 6], plants [7] and insects [8] to learn more about particularly relevant
examples. This note is concerned with some particular aspects of social dynamics in human
populations, and more precisely with the use of suitable mathematical techniques to gain
insight into those processes.

More precisely, we will analyse the impact of social and economical mobility on the dy-
namics, and particularly in the stability properties, of a human society structured in classes.
No attempt will be made to present here a comprehensive discussion of such general prob-
lem. Instead, our goal consists in illustrating, by means of a few examples, both the scope
and the limitations of a particular type of mathematical models (population dynamics) com-
monly used for that purpose. To that end, we will begin by recalling in Section 2 below a
few results on the existence and stability of steady states for systems of differential equa-
tions when only partial information about the coefficients or the kinetics of those systems
are available. We then discuss in Section 3 a model of social dynamics when social mobility
is taken into account. Specifically, we shall examine the nature of local equilibria in two
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different cases, which roughly speaking correspond to the absence and presence of criminals
respectively. As will be observed there, the dynamics around such equilibria relies heavily
on appropriate knowledge of the parameters involved, on which little information is in gen-
eral available. This makes a strong case to exploit in this context the type of results sketched
previously in Section 2, an approach that remains largely unexplored as yet. Finally, Section
4 contains a short discussion on results obtained and a few remarks about possible future
directions.

2 A discussion on stability
The mathematical tools to be used in this work are those of population dynamics, as

provided by the theory of continuous or discrete dynamical systems. The corresponding
techniques, which roughly speaking derive from the study of systems of differential (or dif-
ference) equations, are well developed, and have proved their strength in a number of bio-
logical problems, most particularly in Ecology and related areas [9, 10]. In general, one is
interested in the asymptotic behaviour (in space and time) of solutions of the equations con-
sidered, particular attention being paid to the existence of constant solutions (equilibrium
states) and their stability properties. Roughly speaking, a roadmap to describe the dynamics
of the corresponding system consists in identifying first its equilibrium states and then char-
acterizing the local behaviour of nearby solutions. A second, and often more challenging
step consist in describing the behaviour of solutions that may join such equilibria, approach
(or escape) to (from) possible limit circles and exploring the possible location of attractors.
Dependence of solutions on parameters is a relevant issue as well, particularly in what con-
cerns the appearance and properties of bifurcations, where solutions undergo sharp changes
in behaviour [11, 12].

Concerning parameter values, a first issue to be reckoned with is the fact that in many
practical cases only partial information on such values is available. The question then arises
of deriving significant information on solutions dynamics under such limitations. We shall
briefly remark on that issue in our next paragraph.

2.1 Stability under uncertainty

We shall address here the following general question. What can be said about the number
of equilibrium states (and their stability properties) of a dynamical system when only partial
information about its coefficients is available? For instance, consider a linear system with
constant coefficients:

dxi

dt
=

n

∑
j=1

ai jx j ; i = 1, · · · ,n (1)

where for i, j = 1, · · · ,n, the ai, j are real numbers whose precise values are unknown. We say
that a constant vector x∗ = (x∗1, · · · ,x∗n) is a steady (or equilibrium) state of (1) if it provides
a solution to that system, so that:

n

∑
j=1

ai jx∗j = 0 f or i = 1, · · · ,n (2)

Notice that the origin (0, · · · ,0) is always a steady state for (1). Following [13], we may
wonder if the stability of the origin can be determined merely from knowledge of the signs
of the coefficients ai j. This question is motivated by Ecology models, where each coefficient
ai, j represents an interaction from species j on species i, so that the impact of the former
species into the latter is positive, negative or neutral depending on the cases ai j > 0, ai j < 0,
ai j = 0 respectively, and the full matrix A = (ai j) provides a description of the thropic web
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involving species x1, · · · ,xn. The following Table taken from [14] provides a description of
the meaning of the interaction coefficients in an ecological context

Effect of species j on i (sign ai j)

Effect of species
i on j (sign a ji)

+ 0 −
+ ++ +0 +−
0 0+ 00 0−
− −+ −0 −−

which respectively correspond to commensalism (+0), mutualism or symbiosis (+,+),
competition (−,−) and predator-prey interaction (+,−)

Concerning our stability question, some notation will be recalled. We say that the origin
is asymptotically stable when Re λ < 0 for any eigenvalue of A, i.e, for any solution of the
algebraic equation det(A− λ I) = 0. In this case, any solution of (1) which at some point
passes close enough to the origin will eventually approach it as time passes. On the other
hand, we say that A = (ai j) is qualitatively stable with respect to the origin (qualitatively
stable for short) if the origin is asymptotically stable for any matrix A∗ = (a∗i j) whose coef-
ficients have same signs as those in A. Interestingly enough, a matrix can be shown to be
qualitatively stable under rather general assumptions on the signs of its coefficients. More
precisely, the following result has been proved in [13] (see also [14]).

Theorem A. The following are necessary and sufficient conditions for A = (ai j) to be qual-
itatively stable:

(i) ai ja ji ≤ 0 for i 6= j.

(ii) i1 6= i2 6= · · · 6= in, ai1i2 6= 0, ai2i3 6= 0, · · · , aim−1im 6= 0 implies aimi1 = 0 for any m > 2.

(iii) aii ≤ 0 for all i, akk ≤ 0 for some k, 1≤ k ≤ n.

(iv) detA 6= 0.

As observed in [14] a consequence of the previous Theorem is that matrix M1 below is
qualitatively stable, whereas matrix M2 is not

M1 =




− + + +
− − 0 0
− 0 − 0
− 0 0 −


 M2 =




− + + +
− − + +
− − + −
− − + −




Concerning Theorem A, a few remarks are in order. To begin with, there is a natural
extension of that result to general autonomous systems of the type:

dx
dt

= F(x) (3)

where F = ( f1, · · · , fn) and for any i = 1, · · · ,n fi is a sufficiently smooth function. It is well
known that if x∗ is a steady state of (3), to the lowest order the small-amplitude perturbations
around x∗ satisfy a linear system given by:

ai j = JF(x∗) (4)

where JF is the jacobian matrix, JF =
(

∂ fi
∂x j

)
≡ Ji j, evaluated at x = x∗.
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Therefore, Theorem A is still relevant to discuss linear stability of steady states of (3).
Notice however that care is required to derive information concerning stability with respect
to large perturbations around equilibria of (3) from the study of linearized systems as (4). A
similar remark applies to neutral stability (i.e. the case where Re λ j = 0 for some eigenvalue
λ j) a particularly relevant case associated to the onset of oscillations, that cannot be discussed
directly for system (3) from a mere analysis of (4). See [15] for more details on such issues.

2.2 How many equilibria are out there?

A significant question, both from theoretical and applied points of view, is that of es-
timating the number of possible steady states of systems like (1) or (3) when only partial
information about their coefficients is available. Clearly, the complexity of solution dynam-
ics increases with the number of such equilibria. One can roughly state that the larger the
number of steady states, the larger also is the type of possible solution behaviours. In particu-
lar, new possibilities of heteroclinic (and also homoclinic) equilibria connections appear that
would be absent otherwise. A system that has several stable steady states is usually called
multistable. On the other hand, and keeping to a standard notation, we will say that a system
is injective if F(x1) = F(x2) implies that x1 = x2. Obviously, multistability and injectvity are
mutually excluding possibilities.

Let us consider injectivity first, and let us particularise to the case of one space dimension.
Then a sufficient condition for injectivity is that F(x) be different from zero everywhere. It
was conjected in [16] that the corresponding condition in higher dimensions should be:

detJF(x) 6= 0 f or all x (5)

However, this conjecture is not true in general. For instance, the function F given by:

F(x,y) =
(
e2x− y2 +3, 4e2xy− y3) (6)

is such that det(JF)> 0 for any (x,y) ∈ℜ2 but F(0,2) = F(0,−2) = 0 (see [17]).
As a matter of fact, even if we restrict ourselves to polynomial nonlinearities in F(x),

the previous conjecture fails to hold for large polynomial degrees, although it is satisfied in
the quadratic case [18] . We shall refrain here from presenting a detailed description of con-
ditions ensuring injectivity, a subject that has attracted considerable attention in chemistry.
The reader is instead referred to [19, 20] for that purpose.

Let us now turn our attention to multistability, and in particular to the simplest case of
bistability, i.e, the existence of two different stable equilibria in a given dynamical system.
In the latter case two different basins of attraction exist, each being located around any stable
state, and if sufficiently pushed, trajectories can switch from one to the other. This allows
for much richer dynamics than what can be found in injective systems. In particular, when
coupled to additional restoring mechanisms, excitable systems may be generated. These
constitute a paradigm in the study of biological models, since signals can propagate in an
excitable medium without altering it in an irreversible manner [21, 22].

It is natural to expect that bistability will require of more stringent requirements that
single stability does. As a matter of fact, bistability is usually achieved only within a re-
stricted range of parameter values [23, 24]. At the evolutionary level, a particularly relevant,
elementary mechanism to achieve bistability consists in the mutual interconnection of two
single monotone systems, each of them being monostable, by means of positive feedback
(cf. [25]).
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3 Utopia: a mathematical model of social dynamics
We next describe, by means of a simple example, the way in which information about

multistability in a dynamical system may be used to explore a model of social dynamics.

3.1 Living in Utopia

To begin with, let us consider a toy model for Utopia, a free–from–criminals human
society consisting only of industrious individuals. Following [26], which we refer to for
further details, we consider a society divided into classes (subpopulations) Xi(t) with i =
1, · · · ,n, according to their economic performance. Individuals in each class are assumed to
equally contribute to the total wealth, W (t). The latter is defined as follows:

W (t) =
n

∑
i=1

Wi(t)≡
n

∑
i=1

ciXi(t) (7)

where Wi(t) is the wealth produced by the ith-class, and ci > 0 are proportionality constants
characterising the economic performance within each class. For definiteness, we will assume
ci 6 ci+1 for any i.

There is social mobility in Utopia, and is governed by the following rules:

X ′i (t) = αi−1Xi−1(t)− (αi +βi)Xi(t)+βi+1Xi+1(t) (8)

where αi (respectively βi) are the so-called promotion (respectively, relegation) parameters,
not necessarily constants. Clearly, (8) has to be understood with the proviso that relegation
(respectively, promotion) is not possible in the lowest (respectively, the highest) class.

The equilibrium distributions of (7) should thus satisfy the conditions:

αi−1Xi−1(t)− (αi +βi)Xi(t)+βi+1Xi+1(t) = 0 (9)

Analysis of social dynamics in our model is particularly simple when promotion and
relegation coefficients are constant. In this case there are two steady states, the trivial one,
X(t) = 0 and an explicit, non-trivial equilibrium (see equations (5), (6) in reference [26]).
Not surprisingly, the situation becomes more complex when such coefficients are assumed to
depend on W (t). Suppose for instance that only three classes are present (so that i = 1, 2, 3)
and that the total population N remains constant in time. Upon suitable rescaling, both N
and W (t) can be assumed to be less or equal than one. We next hypothesize that resistance
to upward mobility increases as one moves towards higher classes. More precisely, let us
select:

αi =W i, βi+1 = 1−W 3−i f or i = 1,2 (10)

A standard analysis now reveals that a wealthiest state (X3 =N, X1 =X2 = 0) always exist
and is asymptotically stable if c2 > 0 and c3 > 0; other steady states may exist depending on
the values of parameters in (7). An interesting case occurs when c1 = 0, so that the lowest
class does not contribute to the total wealth. Then bistability sets in. In particular, two
stable equilibria can be identified: the wealthiest one (defined just as before), the poorest
one, where X1 = N, X2 = X3 = 0, and an unstable one, where nonnegative values for all
three populations coexist. Furthermore, if we now let c2 tend to zero, so that only the richest
class contributes to total wealth, both the unstable intermediate point and the wealthiest one
coalesce into an unstable equilibria, and the only remaining stable state corresponds to the
poorest one. In this manner a crisis appears that drives the whole society into poverty.
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3.2 Criminals arrive at Utopia

We next consider the situation that arises when a part of the population, that will be
termed as criminals for simplicity, decides to draw on social resources but to contribute little
or nothing to global wealth. For modelling purposes, we represent this by introducing a
criminal subpopulation Y (t), and postulate the following rules:

i) Criminal action is felt by means of a criminal rate K(t) given by:

K(t) =
n

∑
i=1

θiXi(t)Y (t) (11)

where the collision rate θi measures the likelihood of interaction between Y (t) and the
ith-population Xi(t). A possible choice for θi may be:

θi(t) =
ai

bi +Xi(t)
,

where ai, bi are nonnegative.

ii) Criminals arise from the lowest class only, so that their recruitment term is given by:

R(t) = kX1(t)Y (t) ; k > 0 (12)

while no clear dependence on the recruitment rate k and the global wealth seems to have
been elucidated as yet, we may assume that

k = k0W (t) f or some k0 > 0

iii) In the absence of specific subpopulations in charge of fighting criminals, the dynamics
of Y (t) is determined by recruitment, natural decay and interspecific competition:

Y ′(t) = kW (t)Y (t)−ρY (t)− γY 2(t) ; ρ,γ > 0 (13)

iv) As a reaction against criminal action, a population G(t) (the guards) is introduced,
whose growth is stimulated by criminal effects on the various social classes. Namely,
we postulate:

G′ =−qG+hY
n

∑
i=1

ai

bi +Xi
Xi− l

Y G
M+Y

(14)

where q, h, ai, bi (i = 1, ...,n), l and M are nonnegative parameters.

Bearing these assumptions in mind and following [26], the dynamics of the society under
consideration can be described by the following set of equations:
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Y ′ = kWX1Y −ρY − γY 2− mY G
M+Y

,

G′ =−qG+hY
n

∑
i=1

ai

bi +Xi
Xi− l

Y G
M+Y

,

J′ =
mY G
M+Y

− J,

X ′1 =−α1X1 +β2X2 + τJ− kWX1Y,
X ′i = αi−1Xi−1− (αi +βi)Xi +βi+1Xi+1; i = 2, ...,n−1,
X ′n = αn−1Xn−1−βnXn

(15)

Notice that the last term in the right of the first equation has been introduced to describe
criminal removal through guard action, and a new population J(t) (the prisoners) has been
added to account for such criminals that have been temporarily neutralized by the guards.
The last term in the second equation reflects in turns loses suffered by guards during their
fight with criminals. To this system, an equation describing the evolution of the total wealth
is to be added:

W ′ =

(
n

∑
i=1

ciXi−W

)
−λYW

n

∑
i=1

ai

bi +Xi
Xi−g(W )G (16)

Note that the total reference wealth:

W̄ =
n

∑
i=1

ciXi

corresponds to an equilibrium state of equation (15) when Y = G = J = 0, so that neither
criminals nor guards are present.

A particular example might be useful to better understand the type of information that
can be derived from models as (15), (16). Assume that only two classes are present, the
guard population is constant (say, G = G0) and prisoners are ignored. Moreover, we assume
that promotion and relegation coefficients are constant, and that the total population remains
constant as well, so that:

X1 +X2 +Y = N

Supposing also g(W ) to be linear, so that g(W ) = gW for some constant g, the corre-
sponding reduced system now reads as follows:

X ′1 =−α1X1 +β2X2− kWX1Y +ρY + γY 2 +
mY G
M+Y

,

X ′2 = α1X1−β2X2,

Y ′ = kWX1Y −ρY − γY 2− mY G
M+Y

,

W ′ = c1X1 + c2X2−W −λYW
(

a2

b2 +X2

)
X2−gWG

(17)

We then normalize units to obtain N = λ = 1, and select a reference set of parameter
values, namely:

M = 1; ρ = 0.1; g = 0.1; α2 = 1; b2 = 1; m = 0.1;
c1 = 0.1; c2 = 1; g = 0.1; α1 = 0.1; β2 = 0.01; γ = 0

(18)
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Under the previous assumptions, system (17), (18) has a free–from–criminals stationary
state such that:

Y = 0, X1 ≈ 0.091, W ≈ 9.18
10+G

(19)

To discuss the stability of such steady state, one has to compute the eigenvalues of the
linearized matrix around that equilibrium, which is given by:

M ≡



−1−0.1G −1− 4.372

10+G −0.9
0 0.835k

10+G −0.01−0.1G 0
0 −0.835k

10+G +0.1G −0.11


 (20)

A quick computation reveals that M has two negative eigenvalues. As to the third one, it
is given by:

λ3 =−
−0.835k+0.1+1.01G+0.1G2

10+G
(21)

so that if either G is large enough or k is small enough, λ3 is negative and the equilibrium
under consideration is asymptotically stable. We point out that if condition λ3 < 0 holds, the
assumptions in Theorem A above are satisfied. As a matter of fact, such Theorem allows
for an extensive screening of stability properties of steady states in (17) when only partial
information about system parameters is available. We shall discuss this issue elsewhere, and
continue here the analysis of our example under the parameter restrictions made in (18).

It is easy to check that λ3 < 0 provided that k < kc for some positive value k = kc(G).
Thus, if criminal recruitment is small enough, our model relaxes to a crimeless society when-
ever a fluctuation introduces a (sufficiently small) criminal population. Notice that a similar
effect is obtained if we sufficiently increase the values of G (that is, the guards population),
which in turns contributes to wealth depletion (see (19)). However, when k > kc, the previ-
ous steady state is no longer stable. Roughly speaking, the corresponding society becomes
criminal–prone, and in fact an additional steady state with Y > 0 appears. The reader is
refereed to [26] for further discussion on the measures that can be taken to keep stable the
steady state given in (20).

4 Concluding remarks
In the example just discussed we have shown how stability properties of a dynamical

system translate into changes of social trends of the societies modelled by such systems. In
particular, we have shown conditions under which unsocial behaviours tend to disappear as a
consequence of definite actions: lowering the criminal recruitment rate (which can be made
by social promotion measures) or increasing the strength of police corps (that is, by enhanc-
ing repression). Each of these alternatives can be characterised in terms of the parameters
appearing in the system. Since parameter identification in this (and in many other) settings
is far from being straightforward, the question naturally arises of taking advantage of results
as those recalled in Section 2 to significantly extend the range of validity of the conclusions
derived from analysis of systems like (17).

The previous remark applies to situation where parameters in the model system can be as-
sumed to have precise, although largely unknown, constant values. However, in many cases
the interaction rules among classes that are to be retained in a model are such that the corre-
sponding interaction parameters cannot be taken as constant, but should instead be obtained
as a result of deterministic or stochastic games. Indeed, game theory is a well-established
tool in the study of population dynamics (see for instance [27]) and steady states (defined in a
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generalised manner) can be obtained from repeated game playing [28]. A particularly simple
(but relevant) example is provided by society models in the spirit of (17) where promotion
and relegation among classes proceeds according to stochastic games where, for instance,
cooperation within neighbouring classes is less favoured than that occurring between distant
ones (see [29] for preliminary results in that direction).

Finally, concerning the asymptotic properties of the models to be considered, a key is-
sue is that of obtaining early warnings for critical transitions that in this context may be
interpreted as structural crisis. Some preliminary results have been obtained under rather
strict assumptions on the nature of the models considered (cf [30]), and we intend to fur-
ther explore elsewhere that issue in a general context, where interactions are determined
from game–theoretical rules, and considerable uncertainty prevails on some aspects of the
dynamics under consideration.

Acknowledgements. This work has been partially supported by MINECO Research Grant
MTM2011-22656.

References
[1] B. Rasmusesen, I. R. Fletcher, J. J. Brochs, and M. R. Kilburn. Reassessing the first appearance of

eukaryotes and cyanobacteria. Nature, 455:1101–1104, 2008.

[2] A. Lazcano and S. L. Miller. The origin and early evolution of life: prebiotic chemistry. the pre-rna world,
and time. Cell, 85:793–798, 1996.

[3] J. Lovelock. Gaia: a new look at life on Earth. Oxford University Press, 1995.

[4] M. A. Herrero and L. Sastre. Models of aggregation in dictyostelium discoideum: on the track of spiral
waves. Networks and Heterogeneous Media, 1(2):241–268, 2006.

[5] J. W. Costerton, P. S. Stewart, and E. P. Greenberg. Bacterial biofilms: a common cause of persistent
infections. Science, 284(5418):1318–1322, 1999.

[6] L. Hall-Stoodley, J. W. Costerton, and P. Stoodley. Bacterial biofilms: from the natural environment to
infectious diseases. Nature Rev. Microbiol., 2:95–108, 2004.

[7] M. Gagliano, M. Renton, N. Duvdevani, M. Timmins, and S. Mancuso. Out of sight but not out of mind:
alternative means of communication in plants. PLoS ONE, 7(5):e37382, 2012. doi:10.1371/journal.pone
0037382.

[8] C. Detrain and J. L. Deneubourg. Self-organized structures in a superorganism: do ants behave like
molecules? Phys. Life Rev., 3:162–187, 2008.

[9] D. Neal. Introduction to Population Biology. Cambridge University Press, 2004.

[10] M. A. Nowak and R. M. May. Virus dynamics: mathematical principles of immunology and virology.
Oxford University Press, 2000.

[11] D. K. Arrowsmith and C. M. Place. An introduction to dynamical systems. Cambridge University Press,
1994.

[12] Y. Kuznetsov. Elements of applied bifurcation theory. Springer Appl. Math. Sci 112, 2004.

[13] J. P. Quirk and R. Ruppert. Qualitative economics and the stability of equilibrium. Rev. Econ. Stu,
32:311–326, 1965.

[14] R. M. May. Qualitative stability in model ecosystems. Ecology, 54(3):638–641, 1973.

[15] E. A. Coddington and N. Levinson. Theory of ordinary differential equations. Mc.Graw-Hill, 1955.

[16] P. A. Samuelson. Prices of factors and goods in general equilibrium. Rev. Econ. Stu., 21(1):1–20, 1953.

Instabilities and Control of Excitable Networks: From Macro- to Nano-Systems 51



[17] D. Gale and H. Nikaido. The jacobian matrix and global univalence of mappings. Math. Ann., 159:81–93,
1965.

[18] S. Oda and K. I. Yoshida. A short proof of the Jacobian conjecture in case of degree less or equal than
two. Compt. Rend. Acad. Sci. Paris, 5(4):159–162, 1983.

[19] B. L. Clarke. Stability of complex reaction networks. Adv. Chem. Phys., 42:1–213, 1980.

[20] G. Craciun and M. Feinberg. Multiple equilibria in complex chemical reaction networks I: the injectivity
property. SIAM J. Appl. Math., 65(5):1526–1546, 2005.

[21] J. D. Murray. Mathematical Biology. Biomathematics series 19. Springer, 1991.

[22] A. S. Mikhailov. Foundations of Synergetics I. Series in Synergetics. Springer, 1994.

[23] E. M. Ozbudak, M. Thattai, H. N. Lim, B. I. Shraiman, and A. van Oudenaarden. Multistability in the
lactose operon network of Escherichia coli. Nature, 427:737–740, 2004.

[24] D. Angeli, J. E. Ferrell Jr, and E. D. Sontag. Detection of multistability, bifurcation and hysteresis in a
large class of biological positive feedbacks systems. Proc. Natl. Acad. Sci. USA, 7:1822–1827, 2004.

[25] E. D. Sontag. Monotone and near-monotone biochemical networks. Syst. Synth. Biol., 1(2):59–87, 2007.

[26] J. C. Nuño, M. A. Herrero, and M. Primicerio. A mathematical model of a criminal-prone society. Disc.
Cont. Dyn. Systems S, 41:193–207, 2011.

[27] J. Hofbauer and K. Sigmund. Evolutionary games and population dynamics. Cambridge University Press,
2002.

[28] A. Sanchez and J. A. Cuesta. Altruism may arise from individual selection. J. Theor. Biol., 235:233–240,
2005.

[29] M. L. Bertotti and M. Delitala. On a discrete generalized kinetic approach for modelling persuader’s
influence in opinion formation processes. Math. Comput. Mod., 48:1107–1121, 2008.

[30] M. Scheffer, J. Bascompte, W. A. Brock, V. Brovkin, S. R. Carpenter, V. Dakos, H. Held, E. H. van Nes,
M. Rietkerk, and G. Sugihara. Early-warning signals for critical transitions. Nature, 416:53–59, 2009.

52 ICENet-2012



“Locsitons” in self-interacting atomic nanolattices
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Abstract

We found that the major assumption of the Lorentz – Lorenz theory about unifor-
mity of local fields in dense material does not hold in finite groups of atoms. Self-
interaction of atomic lattices results in the uniformity being broken at sub-wavelength
scale. The system then exhibits strong sub-wavelength stratification of local field and
dipole polarization due to nanoscale excitation of so called “locsitons”, which give rise
to size-related resonances and related large field enhancement in finite atomic lattices.
At certain “magic” numbers of atoms in the array, the system may exhibit self-induced
cancellation of resonant local-field suppression. In a 2D case, a similar effect gives rise
to “magic shapes”; it also enables the formation of distinct vector locsiton patterns con-
sisting of multiple vortices in the field distribution. We also studied nonlinear modes
of locsitons and found optical bistability and hysteresis in the simplest and most funda-
mental case of two atoms. We briefly discuss potential applications of those effects.

A well known fact of the electrodynamics of continuous media is that the microscopic
field acting upon atoms or molecules (known as the “local field”) is generally different from
the macroscopic (average) field because of the dipole interaction between the particles com-
prising the medium. This difference is a central point of the classical theory of the local
fields in dielectrics advanced by Lorentz and Lorenz [1]. An important, albeit implicit, as-
sumption of that theory is that the local field remains virtually unchanged from atom to atom
at distances much shorter than the wavelength of light λ . The theory is, therefore, essentially
based on the so-called “mean-field approximation”.

Here we review our recent results [2–4] on the discovery of a host of new effects emerg-
ing in low-dimensional (1D and 2D) systems of resonantly excited two-level atoms with
sufficiently strong dipole-dipole interactions. We have shown that in systems smaller than
the wavelength of light, an excitation of the atomic dipole moments may become substan-
tially inhomogeneous, forming strata and two-dimensional structures on a nanometer scale.
Such behavior of the local field in a dielectric system is significantly different from the re-
sults of the Lorentz–Lorenz theory for the local fields; it gives rise to resonances defined by
the system’s size and geometry and is capable of inducing a giant local-field enhancement.
A saturation nonlinearity in two-level atoms may then cause optical bistability, in particular,
in the simplest case when the system is comprised of two atoms only. We also predicted
"magic" system sizes and geometries that, unlike the Lorentz model, do not result in a sup-
pression of the local field in the system when the laser frequency is tuned to the resonance
of the two-level atom.

Rapid advances in nanotechnology opened up possibilities to fabricate artificial systems
of strongly interacting particles, whereby the assumption of the local-field uniformity would
no longer be valid. It would be natural to presume that abandoning the mean-field approxi-
mation in the description of the local fields may result in a discovery of many new interesting
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phenomena, just as going from the macroscopic Curie–Weiss theory to the Ising model sig-
nificantly extended the ability of the theory to describe magnetic materials [5]. This does
not, of course, mean that a complete analogy is to be expected in the descriptions of the local
fields and magnetic media. In our case one could expect still more interesting discoveries,
because the atomic electric dipoles induced by the local fields are driven by the incident
electromagnetic wave, in contrast to the static magnetic dipoles in the Ising model. Another
crucial distinctive feature of our work is that the systems under consideration are very small,
less than the wavelength in size, while the majority of studies in the theory of magnetism
focus on building a macroscopic, “thermodynamic”, description of the medium.

In our research [2–4] we demonstrated that taking into consideration significant spatial
variations of the local field from atom to atom, on a scale much smaller than the wavelength,
opens the way for describing many new effects in ordered systems of strongly interacting
atoms, including giant local-field resonances, “magic” system sizes and geometries, the op-
tical bistability and hysteresis. Of particular importance is that our research brings forward
a totally new paradigm in the theory of light–matter interaction. Our calculations show that
various field-related and array-related factors may disrupt a smooth variation of the local
field from atom to atom, enabling nearly periodic strata or more complex patterns of induced
dipole moments. They are most pronounced in one- and two-dimensional dielectric systems
comprised of atoms, molecules, quantum dots, clusters, or other resonant particles. The res-
onant nature of the interaction between the particles allows to control the anisotropy and
strength of the interaction. If the light wave in such a process propagates normally to the
one- or two-dimensional lattice, we can then also eliminate wave propagation aspects of the
problem.

In general, two major types of dipole strata emerge: short-wave, with a period of up to
four interatomic distances, and long-wave strata. The strata can be interpreted as standing
waves of local-field excitations, which we will hereafter call “locsitons”. The locsitons are
electrostatic by nature and can have a very low group velocity. They may be classified as
Frenkel excitons [6], because the electrons are bound to the atoms and there is no charge
transfer in the systems under consideration.

In the first approximation, the phenomenon under consideration is linear in the external
field, and the locsitons can be excited within a spectral band much broader than the atomic
linewidth. It essentially amounts to a Rabi broadening of the spectral line of the resonant
atom, which arises because of the strong interatomic interactions. The dipole strata can be
controlled by adjusting the laser polarization and the dimensionless interatomic coupling
parameter Q (see below), which depends, in turn, on the interatomic distance, on the dipole
moment and spectral linewidth of the resonant transition in the atoms, and on the detuning
of the laser frequency from the atomic resonance. At |Q|> Qcr = O(1), the smooth variation
of the local field from atom to atom can be broken by boundaries, impurities, defects in the
lattice, etc. A most striking manifestation of the effect is the emergence of large local-field
resonances due to locsiton eigenmodes in finite arrays and lattices. Another interesting and
unexpected phenomenon is an almost complete cancellation of the local-field suppression,
if the laser frequency is tuned exactly to the atomic resonance and the system is made of a
certain “magic” number of atoms. Moreover, in a system with the saturation nonlinearity,
different types of optical bistability and hysteresis can emerge.

Our model is based on the dipole interaction between atoms. We can neglect retardation
effects because of the small size of the system; therefore, similarly to the classical theory of
the local fields [1], we will rely on the fact that the near-field of a dipole is predominantly
quasistatic and nonradiative in nature. The frequency ω of the incident laser radiation is
close to the resonant frequency ω0 of the atom, which we will approximate by a two-level
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Figure 1: The geometry of the one-dimensional problem: the local field in an array of resonant atoms.
The light wave propagates normally to the plane of the drawing.

system [7–9] with a transition dipole moment da. The local field acting upon an atom at a
point r can be represented as a sum of the field Ein of the light wave incident on the system
and the quasi-static contributions from all other dipoles (their coordinates being denoted as
r′), which are induced by the local fields EL(r′):

EL(r) = Ein(r)−
Q
4

r′ 6=r

∑
lattice

l3
a

|r′− r|3

× 3u[EL(r′) ·u]−EL(r′)
1+ |EL(r′)|2/[E2

sat(1+δ 2)]
, (1)

where u is the unit vector along r−r′, δ = T ∆ω = T (ω−ω0) is the dimensionless detuning
of the laser frequency from the atomic resonance, E2

sat = h̄2ε/(|da|2τT ) is the saturation
intensity of the two-level system. The dimensionless coupling parameter

Q =
4|da|2T

ε h̄l3
a (δ + i)

(2)

represents the strength of the dipole interaction between neighboring atoms; it depends on
the transverse relaxation time T = 2/Γ of the two-level atom, whose homogeneous spectral
linewidth is Γ, on its longitudinal relaxation time (excitation life time) τ , and on a back-
ground dielectric constant ε . We also assume that the interatomic distance la is large enough
to prevent any overlap between atomic orbitals of neighboring atoms, so that la � |da|/e.
This assumption is, in fact, also present in the standard Lorentz theory of the local fields
[7–9], in which the interaction between the atoms and molecules is treated classically. Our
approach radically departs from the standard Lorentz theory in that we do not imply any
averaging of the local field over the neighboring sites of the crystalline lattice, which would
reveal itself in the assumption that EL(r) = EL(r′), and we do not use an encapsulating
sphere around the observation point, outside of which a continuous medium is assumed.

Large transition dipole moments in, e. g., alkali vapors, CO2, narrow-band resonances
in solids [11], quantum dots, clusters, etc., may significantly enhance the effects that we
discovered. In many of these cases locsitons can emerge with la as large as a few tens
of nanometers. One should note that surface plasmons in metal-dielectric composites [12,
13] usually require a more sophisticated theoretical description involving long-range dipole
interactions, so this case falls outside the scope of our report.

We first consider a simpler problem of finding the local field in a one-dimensional array
of atoms lined up along the z axis with equal interatomic distances la (Fig. 1). The laser
beam, which is incident normally to the array, is polarized either along the array (Ein ‖ êz),

Instabilities and Control of Excitable Networks: From Macro- to Nano-Systems 55



thus inducing atomic dipole moments that are parallel to the array axis, or perpendicular to
the array (Ein ⊥ êz), accordingly aligning the dipoles normally to the array and parallel to
each other. In both cases we have EL ‖Ein, so the equations for the field are reduced to scalar
ones. Using the dimensionless notation En = [EL(rn)/Ein](p), where (p) =‖,⊥ denotes the
field polarization, we can write Eq. (1) for each polarization as

En−
δR

2(δ + i)

j 6=n

∑
chain

E j/S
| j−n|3 = 1, (3)

where 1≤ n, j ≤ N,

δR =−4SF(p)
|da|2T
ε h̄l3

a
, (4)

and the summation in Eq. (3) is performed over all atoms in the one-dimensional array
(chain), resulting in the appearance of the factor S = ∑∞

j=1 j−3 ≈ 1.202. The factor F(p)
is defined by the field polarization, F‖ = 1 and F⊥ = −1/2. In the near-neighbor approxi-
mation, similarly to the Ising model for magnetic media, the summation over all atoms in
Eq. (3) may be replaced with a simpler sum, En−1 +En+1 (one can then set S = 1). In both
cases [i. e., both for the full summation in Eq. (3) and in the near-neighbor approximation]
the results will be qualitatively similar. In the case of a two-atom system, discussed below,
the two approaches naturally merge.

For N→ ∞, the solution of Eq. (3) can be found as a sum of a uniform “Lorentz” field,

Ē =
δ + i

δ −δR + i
, (5)

and wave contributions in the form ∆E ∝ exp(±iqn). The wave number of each of these
spatially oscillating solutions is q = 2πla/Λ, and the wavelength Λ, to be found later, is
usually much shorter than the wavelength of the incident light. Here one may notice an
analogy to the phonon theory [6], except that our case involves excitations of bound elec-
trons, not mechanical vibrations of atomic nuclei. The solution of Eq. (3) is very anisotropic,
with a pronounced dependence on the polarization of the incident wave. The homogeneous
“Lorentz” component of the local field is significantly suppressed at the exact resonance,
i. e., if the laser frequency is tuned to the frequency of the atomic transition, δ = 0, and the
dipole interaction between atoms is strong, so that |δR| � 1:

|Ēres|2 =
1

1+δ 2
R
� 1. (6)

In this case the field is, essentially, driven out from the system. |Ē | reaches its maximum at
δ = δR,

|Ēpeak|2 = 1+δ 2
R� 1. (7)

The wave vectors q are found from the following dispersion relation:

1
S

∞

∑
n=1

cos(nq)
n3 =

δ + i
δR

. (8)

(In the near-neighbor approximation the whole l. h. s. of this equation may be replaced with
cosq.) Within our present model, we showed that spatially oscillating solutions emerge if
|δR|> 1 within the following range of frequency detunings: 1 > δ/δR >−3/4. (In the near-
neighbor approximation this range widens: |δ/δR| < 1). The dipole strata are especially
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Figure 2: Strata patterns of excitation and local field in finite arrays, and their relations to the reso-
nance tuning in the case of 64 atoms and δR = 200. n is a sequential number of an atom in the array.
Curves and patterns show long-wave, ferromagneticlike excitation near the Lorentz–Lorenz reso-
nance (top curve in the left plot and top pattern in the center), counter-phase, antiferromagneticlike
excitation near the anti-Lorentz edge of the band (middle curve and pattern), and hybrid excitation
near the point of atomic resonance (bottom curve and pattern). Note that all the curves in the left plot
show absolute normalized amplitudes of the local field. Since the fields are in general complex, their
absolute amplitudes are positive, so the near-zero points in the schematic depiction of the “hybrid”
mode actually correspond to the lowest points of the bottom curve in the left plot.

pronounced for |δR| � 1. The strength of the dipole interaction between atoms may be
gauged by the Rabi frequency ΩR = δR/T , which essentially defines the position of the
Lorentz resonance with respect to the atomic transition frequency. The Rabi frequency sets
the width of the energy-spectrum band where locsitons can exist, so that at |δR| � 1 this
width is ∼ 2h̄|ΩR| � h̄Γ. Here we may draw some analogies with energy-spectrum bands
in solids [6] and photonic crystals [14]. In the limit of 1−δ/δR� 1 (i. e., on the band edge
near the Lorentz resonance, where δ ≈ δR), “long-wave” locsitons emerge, with

qLW ≈
√

1− δ 2

δ 2
R
, (9a)

ΛLW =
2πla
qLW

. (9b)

It is worth noting that their wavelength ΛLW may be as large as 2πlaδR, while remaining
much shorter than the wavelength of the incident light wave. A typical example of such
strata is presented in Fig. 2 (top curve). At the opposite edge of the locsiton frequency band
(in the near-neighbor approximation it corresponds to 1+ δ/δR� 1) short-wave locsitons
emerge, with qSW ∼ π and ΛSW/2 ∼ la, which is close to the shortest spatial oscillation
wavelength possible in a discrete system.

As ΛSW/2 is generally not a multiple of la, the distribution of dipole moments and the
corresponding local fields in the discrete array of atoms may be spatially modulated with
a longer wavelength, much like in the case of two waves with close wave vectors. Such
modulation is clearly visible in the middle curve in Fig. 2, where ΛSW/2 is quite close to la.

Instabilities and Control of Excitable Networks: From Macro- to Nano-Systems 57



The case of the exact resonance of the incident wave with the atomic transition, for which
δ = 0, may be used to demarcate the locsiton frequency band into the regions with short-
wave and long-wave locsitons. The boundary case, with Λ = 4la, is represented by the lower
curve in Fig. 2.

To draw the analogy with phonons, we may note that the long-wave locsitons are counter-
parts of acoustic phonons, and the short-wave locsitons correspond to optical phonons. An-
other interesting analogy can be drawn with ferromagnetic or ferroelectric materials, which
feature strong interaction between static magnetic or electric dipoles. Within this analogy,
the locsitons with the longest wavelengths resemble ferromagnetics, while those with the
shortest wavelengths resemble antiferromagnetics. A similar analogy may also be noticed in
the difference between bistability regimes in these two extreme cases, which we will consider
below for the simplest, two-atom, system.

Let us emphasize that this analogy between the locsitons and ferromagnetics or ferro-
electrics is inevitably very limited. For example, at δ = 0 a hybrid configuration of a sort is
formed by the induced atomic dipoles in the array, ↑ ◦ ↓ ◦ ↑ · · · , which corresponds to the
lower curve in Fig. 2. Such hybrid configurations are only possible because of the dynamic
nature of the atomic dipoles in our optical problem, and are unattainable with static dipoles.
One could thus smoothly transform the dipole configuration in an array of atoms from a
“ferromagneticlike” to an “antiferromagneticlike” by tuning the laser frequency from one
locsiton band edge to the other, while going through all the different hybrid configurations
in the process.

We have shown that a finite array of atoms should exhibit size-related resonances, which
are somewhat similar to resonances in thin semimetal films [15], long organic molecules
[16], or a common violin string. The main difference is that in our case the number of the
resonances is limited by the number of atoms N. The linear system of equations (3) may
be solved, for example, by using numerical matrix solvers for N� 1, while for small N the
problem is amenable to analytic methods. Some results for the local field EL obtained using
numerical methods are shown in Figs. 2–5.

We also applied the following simple approximation to achieve a better qualitative un-
derstanding of the numerical results. The solution for an infinite array of atoms can be used
to approximate the solution for a finite array of N atoms as a sum of the uniform “Lorentz”
solution Ē at N = ∞ and spatially oscillating components ∆E ∝ exp(±iqn), where the res-
onant locsiton wavenumber q and the resonant amplitude ∆E are found from appropriate
boundary conditions for the local field at the ends of the array. If interaction between all
atoms is taken into account, boundary conditions can only be approximated; however, we
verified the precision of such approximation for locsitons with sufficiently long wavelengths
by many numerical simulations.

In the near-neighbor approximation, the method described above provides an exact so-
lution of the problem. In this solution, the half-wavelength Λ1/2 = (N + 1) la of the reso-
nant locsiton with the longest wavelength is determined from the condition that the nodes
of the local-field eigenmode lie beyond the end atoms of the array at the distances la, i. e.,
E0 = EN+1 = 0. The frequency resonances for the locsitons are defined by the frequency
detuning δk (0 < k ≤ N):

δk = δR cosqk, (10a)

where
qk =

πk
N +1

. (10b)

The corresponding locsiton wavelength Λk = Λ1/k. Due to symmetry considerations, only
resonances with an odd k may be excited by an incident laser beam with a symmetric trans-
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Figure 3: Locsiton resonances appearing in the dependence of the normalized maximum amplitude
Emax of the local field on laser frequency detuning δ in an array of N = 13 atoms with δR = 200 (solid
curve). For comparison, its upper and lower envelopes are shown along with the corresponding de-
pendence obtained using the classical Lorentz theory for unbounded media (the dashed curve denoted
‘Lorentz theory’).

verse field profile, while resonances with an even k may be excited by a beam with an anti-
symmetric profile. The solid curve in Fig. 3 depicts resonances of the maximum local field

Emax ≡ max
0<n≤N

|En|

at the atoms in the array; the resonances are obtained in the near-neighbor approximation for
a uniform distribution of the incident field along an array with N = 13 and δR = 200. The
lower envelope for this curve is Elow(δ ) ≈ 2Ē , while the upper envelope, obtained in the
near-neighbor approximation, is given by the following expression:

Eup ≈





Ē

(
nδ +

1
nδ

)
if nδ ≤ 1,

2Ē if nδ > 1,
(11a)

where
nδ =

N +1

2
√

δ 2
R−δ 2

. (11b)

As N increases, the resonances start merging and getting weaker as that number approaches
N ∼ δR. However, even for large N, the lower envelope Elow is still twice the local field Ē
predicted by the classical Lorentz theory [see Eq. (5)].

For N = 3k− 1, where k is a natural number, the local-field amplitude Emax, which is
obtained in the near-neighbor approximation, goes below Elow at δ = −δR/2. For this fre-
quency detuning δ , the absolute value of the locsiton wave number |q| ≈ 2π/3, and the
spatial period of the locsiton is Λ = 3la. The long-wavelength modulations of the spatial
profiles of the dipole moments and the local field in the array disappear in this case, because
Λ becomes an integer of la. This results in an “antiresonance” of a sort appearing in the
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dependence of the local field Emax on δ ; in other words, the locsiton in the array becomes
suppressed.

Another important and unusual effect that we discovered is a cancellation of the resonant
local-field suppression in an array consisting of a certain “magic” number of atoms [2, 3]
At the exact resonance of the laser radiation with the atomic transition (i. e., at δ = 0) and
if δ 2

R � 1, the local field obtained from the Lorentz theory is “pushed out” of the system
[see Eq. (6)]. We will call this effect the resonant local-field suppression; it is also present in
finite arrays of atoms for most N. We found, however, that at certain “magic number” N this
resonant suppression vanishes and the local field penetrates the system even at δ = 0. In the
near-neighbor approximation, the “magic” array sizes are N = kmmag+1, where k is a natural
number and mmag = 4. The effect is most pronounced at N = 5, where the atomic dipoles line
up as ↑ ◦ ↓ ◦ ↑, with the amplitudes of the dipoles and the local field reaching their maxima
(Emag ≈ 1/3) at odd-numbered atoms, while almost vanishing at even-numbered atoms.

The “magic enhancement” of the local field (compared to the uniform, Lorentz, case)
can be substantial: |Emag/Ēres|2 ≈ δ 2

R/9. In this effect, one of the resonant locsitons, whose
frequency matches exactly that of the atomic transition, virtually compensates the resonant
suppression of the local field in the system. The effect is also present if one accounts for
interactions between all atoms in the array [see Eq. (3)], where mmag = 13. While an in-
terference of an evil spirit cannot be completely ruled out, we assume that the result stems
from properties of the equation for the wave vector q of a locsiton in the array of atoms; this
equation follows from Eq. (8) at δ = 0:

∞

∑
n=1

cos(nq)
n3 = 0. (12)

The smallest positive root q1 of Eq. (12) is such that q1/π is very close to a rational number,
(q1/π)/(6/13) = 1.00026 . . . , so that the locsiton wavelength Λ = 2π/q1 ≈ (13/3)la, and,
thus, a multiple of Λ/2 is close to a multiple of la. Therefore, the resonant local-field suppres-
sion is cancelled at N = 14, with the relative amplitude of the field becoming a substantial
Emag ≈ 2/15.

There is a semantic irony in that the local-field effects are actually due to nonlocal inter-
actions between atoms. If the field of the incident wave is limited to a small spatial region,
the local field can extend beyond this region; locsitons can propagate away from their origin.
At the edges of the locsiton frequency band, i. e., at |δR| > |δ | � 1, the group velocity of a

locsiton vgr = la
√

Ω2
R−∆ω2 could be lower than the speed of sound in a solid. This effect

can be useful, e. g., for designing nanometer-scale delay lines that could be used in molecular
computers or integrated nanodevices for optical signal processing.

Aside from dipole strata, other, even more interesting structures emerge in two-
dimensional lattices of resonant atoms [2, 4]. Let us consider, for example, a standing
electromagnetic wave acting upon an equilateral triangular lattice of atoms, the wave be-
ing polarized perpendicular to the lattice plane. The interatomic distances are very small,
of the order of a few nanometers, so that the external field can be regarded as uniform on a
scale of a few tens, even hundreds, of atoms. We found that, at certain conditions, concentric
dipole strata (Fig. 4) can emerge around a circular hole made by removing a few tens of
atoms from the lattice; the amplitude of the strata decreases fast as the distance to the hole
boundary increases. Even more interesting dipole configuration emerges if the laser radia-
tion is incident normally to the lattice and polarized in the lattice plane. For better qualitative
understanding of the local-field behavior in this case, we use the “near-ring approximation”,
which is a modification of the near-neighbor approximation. In the near-ring approximation,
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Figure 4: Localization of a locsiton in a two-dimensional triangular lattice of atoms around a hole
with the diameter of 15 interatomic distances. The distribution of the local field E in the system is
shown for the case where the external field of the light wave is normal to the lattice plane, δ = 100,
and δ̃R = 69.

we consider interactions of each atom with its six immediate neighbors only, while assum-
ing that the positions of the six atoms are evenly “spread” over a circle with the diameter of
one interatomic distance la. Like in the one-dimensional case, we introduce a polarization-
independent dimensionless parameter δ̃R, which differs from δR, defined by Eq. (4), in that
here we set SF(p) =−1:

δ̃R =
|da|2T
ε h̄l3

a
. (13)

By comparing Eqs. (2) and (4), one may notice that Q = δ̃R/(δ + i). After replacing the
summation in Eq. (1) by an integration over the “near ring” described above, we find a
simple isotropic expression for the uniform Lorentz local field:

ĒL =
Ein

1+(3/4)Q
. (14)

It can be demonstrated that Eq. (14) remains valid not only in the near-ring approximation,
but also in the context of more precise calculations, which account for the structure of the
two-dimensional lattice of atoms and for the dependence of the solution on the direction of
the locsiton wave vector q within the first Brillouin zone. Like in the one-dimensional case,
we look for the solution of Eq. (1) as a superposition of the Lorentz field ĒL and plane-
wave locsitons with the coordinate dependences exp(±iq ·r/la). Assuming that q makes
an angle ψ with the polarization direction of the incident laser radiation, we arrive at the
following dispersion relation for two-dimensional locsitons (which is a good approximation
for relatively long-wavelength locsitons):

1+
3
4

Q[J0(q)−3J2(q)cos(2ψ)] = 0, (15)

where Jn is the Bessel function of the first kind.
The near-ring approximation becomes insufficient for short-wavelength locsitons; a more

detailed study is required in this case, which takes account of the symmetry of the triangular
lattice of atoms and the respective Brillouin zone structure. We have shown that the solution
in this more general case depends on the orientation of the incident laser polarization with
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respect to the lattice. Let us denote the unit vector pointing from a given atom to one of its
nearest neighbors as uK (this corresponds to the ΓK direction in the first Brillouin zone).

Let us consider four most interesting configurations, which are defined by different po-
larizations and orientations of the locsiton wave vector:

(a) q⊥ Ein, Ein ‖ uK,

(b) q⊥ Ein, Ein ⊥ uK,

(c) q ‖ Ein, Ein ‖ uK,

(d) q ‖ Ein, Ein ⊥ uK.

The respective dispersion relations in these four cases are found by us to be:

(a) cos
q
√

3
2

= 4(1+Q−1),

(b) cos
q
2
=

1
8
[5±

√
57+64Q−1],

(c) cos
q
2
=

1
16

[1±
√

1+128(1−Q−1)],

(d) cos
q
√

3
2

=
2
5
(1−2Q−1).

The dipoles induced in a finite two-dimensional lattice form distinctive patterns if locsiton
resonances emerge at the same Q in both dimensions. In the limit of long-wavelength loc-
sitons (q� 1) the dispersion relations in the cases (a) and (b) coincide with each other and
with the result obtained in the near-ring approximation [see Eq. (15)]. In these two cases,
ψ = π/2 and Q≈−4/3, while

q2
a ≈ q2

b ≈ q2
ring ≈−

32
3

(
3
4
+

1
Q

)
. (16)

In a similar manner, one obtains approximate solutions for the cases (c) and (d), for which
ψ = 0:

q3
c ≈ q2

d ≈ q2
ring ≈

32
15

(
3
4
+

1
Q

)
. (17)

By combining the cases (a) and (b) or the cases (c) and (d), we can achieve simultaneous
resonances in both directions in the lattice, if the lattice is approximately square in shape.
Resonances of the same order are hereby attained for locsitons with wave vectors pointing
in the two orthogonal directions; a sufficient “squareness” of the two-dimensional triangular
lattice can be achieved by choosing the lattice size (i. e., the numbers of atoms in the two
directions). Locsitons with shorter wavelengths and wave vectors pointing in different direc-
tions will also be present, but they will not significantly affect the emerging dipole pattern,
because of their nonresonant nature.

An interference of locsitons in a two-dimensional lattice of atoms [2, 4] can produce
many different dipole excitation patterns and strata. Some of them are reminiscent to “quan-
tum carpets” [17]. Fig. 5 depicts vector patterns that are formed by the atomic dipoles in-
duced by the local field. The atoms are arranged in a 48× 56 equilateral triangular lattice,
which results in approximately equal sides of the lattice patch. The field of the incident
electromagnetic wave is uniform and polarized along the diagonal of the lattice patch. The
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Figure 5: Vortices in the distribution of the local field E in a nearly square patch of a two-dimensional
triangular lattice of atoms at δ = −1000 and δ̃R = 1316.5. To avoid overcrowding of the plot, only
one of each nine dipoles is shown. The incident light wave is polarized in the lattice plane along the
diagonal of the lattice patch, its field is shown with a big arrow.

frequency of the incident wave is so chosen that the third resonance (in the order of increas-
ing wavenumbers, counting only those resonances allowed by the symmetry of the problem)
is excited in each dimension; at least six distinct vortices of the local field are visible. Fig. 5
shows the imaginary parts of the complex field amplitudes, because they are dominant for
each of the resonant locsitons.

Finite two-dimensional lattices and other similar systems of resonant atoms produce es-
pecially interesting examples of cancellation of the resonant local-field suppression. Unlike
in the one-dimensional arrays of atoms, the “restoration” of the local field in such systems
at δ = 0, compared to that in the uniform, Lorentz, case, can be more complete (up to
100%). The two-dimensional “magic shapes” of atoms have the same “cabbalistic” streak as
in the one-dimensional case. For example, in the near-neighbor approximation, the effect is
most pronounced only in a system of N = 13 atoms arranged as an equilateral six-point star
with an atom at the center, for which the maximum restoration of the local field is reached,
Emax ≈ 1.02. The directions and relative amplitudes of the local field at the atoms in this
system are shown in Fig. 6 for Ein ‖ uK. One can see from the picture that the local field
is concentrated on the outermost atoms and the one at the center, while the local field at
the inner hexagon of atoms is almost completely suppressed. Any symmetry distortion in
this system of strongly interacting atoms (e. g., by attaching a foreign atom or molecule to it)
would break the balance of the local fields in the system and bring back the resonant suppres-
sion of the local field, which is cancelled in the symmetric “magic system”. This effect may
be used for designing nanometer-scale sensors for detecting various biological molecules,
etc.

Sufficiently strong electromagnetic field applied to the system of strongly interacting
atoms can bring about nonlinear local-field effects, e. g., solitons. A detailed considera-
tion of many and varied interesting effects of this kind falls out of the scope of the present
report. It worth noting, however, that some nonlinear effects, such as the optical bistabil-
ity and hysteresis, are possible even in the steady-state regime considered here, where the
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Figure 6: (a) The geometry of a “magic system” of 13 resonant atoms; (b) the local-field distribution
in the system.

amplitude of the incident electromagnetic wave is constant. The optical bistability for the
uniform, Lorentz, local field in an unbounded medium was predicted in [18] and experi-
mentally observed later in [19]. However, the possibility of bistability and multistability for
short-wavelength locsitons, whose local field is highly nonuniform in space, has not been
discussed in the literature. We found that this effect is possible even in the ultimately simple
system of two two-level atoms with the saturation nonlinearity and a strong dipole inter-
action. This system also provides the most dramatic example of a self-induced local-field
nonuniformity.

We will describe the two-atom system using Eqs. (3) and (4) with S = 1. Depending on
the orientation of the local and external fields EL ‖ Ein either perpendicular or parallel to the
line connecting the two atoms, Eq. (4) will include either F⊥ or F‖, respectively. We will
introduce dimensionless amplitudes of the local field on both atoms, Yj = E j/Esat, where
j = 1,2, and the dimensionless field of the incident wave, X = Ein/Esat, by normalizing the
amplitudes of these fields to the saturation field Esat of the two-level system. With this new
notation, the system of equations for the local fields takes the following form:

Y1 = X +
δR2(δ − i)Y2

1+δ 2 + |Y2|2
, (18a)

Y2 = X +
δR2(δ − i)Y1

1+δ 2 + |Y1|2
, (18b)

where δR2 ≡ δR/2 > 0. Equations (18) give rise to two types of solutions, or two different
modes, for the local field in the system. A solution of the first type is similar to the uniform
Lorentz solution for an infinite array of atoms, in which the local fields at the two atoms
oscillate in phase. In this case the system of equations (18) leads to a cubic equation with
respect to |Ȳ |2, which is readily solved or analyzed with the help of a plot, Fig. 7. For
|δR2| � 1, the onset of the bistability and hysteresis for Ȳ occurs at the detuning δ ≈ δR2 of
the laser frequency from the frequency of the two-level transition, with δR2− δ >

√
3. In

this case, the threshold field of the incident wave Xthr ≈ [(2/
√

3)3/δR2]
1/2� 1, i. e., it may

be significantly below the saturation field Esat of the two-level system.
In the case of antiphase oscillations of the local fields, a multistable solution of the second

type is, in fact, a limiting case of a short-wave locsiton which emerges at the opposite edge
of the locsiton band at δ ≈−δR2. In the limit of |X | � δR2, aside from the uniform, Lorentz,
local field Ȳ ≈ X/2, we found a nonuniform solution

Y1,2 = Ȳ ± s, (19a)
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Figure 7: Optical bistability and hysteresis in a system of two resonant atoms with the saturation
nonlinearity. The dependencies of the normalized local-field amplitude |Ȳ | on the frequency detuning
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where
s =

σ√
2
(
√

1∓R− i
√

1±R), (19b)

σ =
√

δR2(δR2 +δ )−2Ȳ 2± Ȳ 2R, (19c)

R =

√

1− δ 2
R2

Ȳ 4 . (19d)

The choice of the signs in Eqs. (19b) and (19c) is independent on the choice of the sign in
Eq. (19a). In Eq. (19a) one of the possible choices for the ± sign corresponds to Y1 and the
other one corresponds to Y2, which enables two different solutions, depending on the signs
chosen. A similar property gives rise to the split-fork bistability for counterpropagating
waves in a ring resonator [20]. The necessary conditions for the second-type multistable
solution for the local field are δR2 +δ >

√
3 and X2 > 4δR2. Three branches of the solution

are seen in Fig. 8 near the bistability threshold: two stable branches given by Eqs. (19) and
one unstable “Lorentz” solution Ȳ . At δR2 +δ > 2 there exist five different branches of the
solution, but only two of them are stable. The antiphase oscillations of the dipole moments
of the two atoms, which are represented by the term ±s in Eq. (19a), could be likened to a
pair of spins, one of which is aligned and the other one is counter-aligned with the applied
magnetic field.

Turning back to the above-mentioned similarities between the local-field behavior in
a system of atoms and the behavior of spins in magnetic materials, we must emphasize
that our research is focused on the effects that are characteristic of fairly small systems
of atoms, while studies of magnetic phenomena are typically aimed at finding averaged,
“thermodynamic”, properties of sufficiently large systems. It is possible that our approach,
which allowed us to predict giant resonances, “magic” numbers and shapes of atoms, etc.,
may allow one to expose similar effects in nanometer-scale magnetic systems.
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Figure 8: Optical bistability in a system of two resonant atoms with the saturation nonlinearity at
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The internal structure of locsitons and dipole strata emerges at a nanometer scale, with
many interesting effects involving drastic changes of the local field even between neighbor-
ing atoms, i. e., at distances of the order of a few nanometers or less. Optical methods are
ill suited for resolving such small systems, so that the x-ray or electron-energy-loss spectro-
scopies as well as an observation of the size-related optical resonances predicted by us may
become more promising methods to detect locsitons experimentally.

It must be noted that locsitons and dipole nanostrata may open up fresh opportunities
in designing elements for molecular computers and other nanodevices [21]. The significant
advantage of locsitons as compared to electrons in semiconductors and metals is that no
electric current or charge transfer is required for locsitons to emerge. This advantage might
aid in reducing sizes of computer logic elements, since current semiconductor technology
suffers from heat-related problems on a scale below 10 nm.

Locsitons might be put into service both in passive elements (e. g., for data transmission
or in delay lines) and active elements (switches or logic elements). Locsiton-based nanode-
vices could thus supplement the list of alternative nanotechnologies including plasmonics
[22, 23], which is substantially based on surface plasmons [12, 13], and spintronics [24].
Another application of locsitons could be in nanosensors for biological molecules and other
particles and impurities. Such a nanosensor may be built out of resonant receptor molecules,
which can selectively bind target molecules or particles; otherwise, receptor molecules may
be attached to particles with an optical resonance. By arranging the molecules in a “magic
shape”, the nanosensor may be designed so that the locsiton in the system is not suppressed
even at the exact resonance of the laser radiation with the constituent molecules; at the same
time, the locsiton will be suppressed whenever a target biological molecule attaches to the
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nanosensor.
Even more exciting opportunities open up in arrays and lattices of atoms with inverse

population of the resonant quantum transition; this inverse population may be created by
an appropriate (e. g., optical) pumping. Such systems may open up the way to controlling
locsitons, amplifying them, and even generating coherent locsitons with a “locsiton laser” of
a sort (a “locster”).

In conclusion, we demonstrated that dipole nanostrata and short-wave excitations of the
local field (locsitons) can be brought about in arrays and lattices of strongly interacting
atoms, including a two-atom system, by the action of a laser radiation with a frequency close
to that of the atomic resonance. Locsitonic effects include giant size-related resonances of
the local field, the cancellation of the resonant local-field suppression in the system at certain
“magic” shapes and numbers of atoms, and also optical bistability and hysteresis.
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Introduction
I fully agree with the existent opinion that resolving the big problem connected with the

multidimensional nature of protein functions in time, space and context is a key to revolu-
tionizing health care and that a deep understanding of complex biological systems will lead
to new ways of preventing/treating many diseases and perhaps even aging. But despite the
fact that the pursuit of cellular-molecular and genetic causes of aging receives substantial
attention and financial support today, the efforts were insufficient yet to distinctly clarify the
picture. Because, when interconnected, cross-talking, and cooperating components of such
large system as an whole organism function like a single unit, they have rather new character-
istics that are not detected in the study of these parts separately (phenomenon of emergence).
For this reason, our understanding of the primary cause and control of aging is still limited.
I give here a brief overview of our current knowledge of this problem and describe how a
better understanding of some phenomenological peculiarities of macro-systems in different
environment might lead us to the development of useful approaches to the origin of aging
and its control.

Senescence as enigma
Almost all tissues in adult organisms are continuously degraded and become rebuilt at the

cellular and/or molecular level. With aging, this delicate balance becomes shifted in favor of
degradation along with deceleration of protein and cell turnover. These events can render the
bodies less reliable, more frail and prone to age-related morbidity and mortality - the main
features of senescence. The reason of such imbalance and turnover deceleration constitutes
the central question of gerontology.

The concept of homeostenosis implies that a functional aging organism still try to main-
tain health promoting homeostasis and overall resistance but become increasingly vulnerable
to stress and illness because of a step by step reduction of physiologic reserve. That is to say,
the concept of homeostenosis points out on the regular and fatal age-dependent shrinkage
of phase space for normal homeostatic control. But what is the primary cause for triggering
homeostenosis and senescence? Unfortunately the basic reason of this reduction in home-
ostasis capability remains enigmatic and up to now [1] the following classic statement of
G. Williams remains topical — “It is indeed remarkable that after the seemingly miraculous
feat of morphogenesis a complex metazoan organism should be unable to perform the much
simpler task of merely maintaining what is already formed” [2].
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Is senescence stochastic or programmed?
There are two main and opposite concepts concerning the origin and inevitability of nat-

ural senescence. Sometimes a combination of these concepts also is used [3]. In accordance
with the programmed aging similar to the genetic program of development from a zygote up
to a mature organism, senescence is likewise programmed (e.g., via repression of telomerase
gene) to facilitate the turnover of generations, which is necessary for survival of a population.
From the point of view of the stochastic aging, there is no built-in program of senescence;
there is only a program of development. After its end, the mature organism could be self-
maintained for a limitless time. But the repairing efficiency (e.g., damages from free radicals)
must be always less than 100% (in accordance with the accepted postulates of the stochastic
aging theory). It is worth to mention that the interventions based on these concepts fail to
extend natural lifespan, but only life expectancy [4, 5].

Moreover, the attractive hypothesis that aging might be caused by shrinkage of chromo-
some tips (telomeres) has rejected now even by its author [6]. He has recently put forth a
new proposal based on hypothetical entities called “redusomes” [6].

A quite different, but popular as well, free radical theory of aging has also failed to
explain nonpathological senescence [7–10]. The current view posits that continuous super-
oxide and hydrogen peroxide formation is essential for normal cell function as the second
messengers and is not a direct cause of senescence [9]. Therefore, uncontrolled antioxidant
treatment may inhibit important cell functions and thus may be dangerous. For example,
significant life-span extensions tend to be observed in experiments only when the control
flies are phenotypically [7] or genotypically [8] relatively short-lived, suggesting that bol-
stering antioxidant defenses is not effective in the case of normal aging [7, 8] and can even
reduce standard life span [7, 10]. So the primary cause of nonpathological senescence is still
unknown.

On the other hand, the evidence is currently accumulating that many age-related changes
in cells and organs are quite reversible [11–14] and that the normal somatic cell lines are
potentially immortal like cancer or germ-line cells [15]. In this connection “the efforts of
evolutionists-gerontologists should probably be directed at clarifying the question of why
the organism consisting of potentially immortal cells gets old” [16].

Cellular background of non-senescence
Indeed, the well-known and famous Hayflick’s effect [17] — the gradually loss of the

replicative capacity in fibroblasts and other cells in vitro is most likely a manifestation of cel-
lular maturation and terminal differentiation but not of the true senescence of cells [18, 19].
The limitless proliferative potential which somatic stem-like cells are thought to possess [15]
is clearly revealed by means of in vitro restoration of the stem cell supporting microenviron-
ment, or by removing differentiating stimuli from the cell culture, or by adding differenti-
ating inhibitors to cultural medium [15], and so forth. The same effect can be achieved by
the constitutive expression of proto-oncogenes, which encode the nuclear immortalization
proteins of the MYC type [20] and some others. The important function of these proteins is
the blocking of cellular differentiation [21–23]. The decade later there are the same results,
obtained by means of telomerase constitutive expression [24, 25] and the same plausible ex-
planation of it via differentiation blocking [26–28]. The foregoing proves that anti-aging pro-
cesses can, in principle, successfully counteract cellular deterioration and shows the essential
futility of attempting to search the aging primary causes by purely cytological methods at the
cellular level.

This conclusion takes us to the position of Carrel [29], who has suggested a century ago
that in certain conditions a cell population can exist outside an organism for an unlimited
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period, and that the primary causes of organism senescence are located outside cells. Now
even old proponent of intracellular sources of aging [30] recognized recently “that at present
the aging of multicellular organisms cannot be satisfactorily explained with the help of cy-
togerontological studies’ data” [31]. Some researchers also agree with the view that the aging
of the whole animal is more a function of breakdown in integrative mechanisms than of pri-
mary changes in individual cells [15, 32–34]. Even age-related alterations of non-dividing
long-life cells, such as neurons or cardiomyocytes, not connected with their maturation and
differentiation, may be a consequence of senescence, and not its primary cause. Why, in
this case, does an organism hypothetically composed of potentially non-senescent cellular
population age?

System approach to an aging origin
The system approach application is rather useful for understanding of the causes and

mechanisms of aging because the organism represents a supercomplex system, consisting
of a hierarchy of cooperating subsystems. The functioning of subsystems is subordinated
to general purposes and is coordinated and managed by the control systems of the individ-
ual. For this reason, an organism functions as a single unit. The steady disturbances in the
coordination of the activity of subsystems can result in aging. A.A. Bogdanov, the grand-
father of a general theory of systems, identified a “system divergence” (an increasing of
subsystems’ noncoordination) as the main cause of an aging in the 1920s. It is quite possible
that inadequate interaction of an environment and an organism is the main reason of such
noncoordination [15, 34]. Many findings have been published regarding both cellular and
population aging that are compatible with this approach. The normal cells do not exist in
isolation in the body, and their functions are regulated by out-of-cells factors. The levels
and activities of most of these factors are highly dependent on the current response of living
being to external challenges. Evolutionary biology forecasts that organisms always should
be adapted in the best way for an ecological niche that is habitual for them.

Environmental influences on aging and longevity
The detection and processing of environmental cues just as the adequate response to

these signals are crucial for the survival of the individual. It is thus not surprising that a large
number of different tissues and organs belonging to physiological systems are adjusted to
the most probable range of natural environmental pressure characterizing selected ecological
niche. This is because organism reacts as a whole on a set of external influences by means
of certain changes in numerous regulatory systems at the physiological levels as well as via
some changes in signal transduction pathways at the cellular level. Part of such changes
may, in principle, modify the aging pattern according to concrete circumstances. For this
reason study of natural aging process by means of observation or investigation of animals
in captivity as well as human beings in protected conditions would be both artificial and
potentially misleading [35, 36].

Nevertheless, environmental influences on aging pattern are often underestimated. In
fact, most studies of aging are conducted in humans and domestic or laboratory animals,
i.e. in conditions where artificial environment protection is applied. This yields changes
in physiology and behavior, which set up organism’s state unobserved in wild life [35, 36].
It might be possible that such state is less adequate to the evolutionary adjusted genetic
construction of an organism. In natural niches, physiological homeostasis of organisms may
be better regulated. One may hypothesize that in natural environment the aging rate may
be significantly lower. Stress resistance may also be substantially higher than in captivity
despite the fact that life expectancy in habitat is essentially lower than that in laboratory
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conditions due to high external mortality. An analysis of the facts taken as a whole shows
that they are compatible with the hypothesis that living conditions exist which are conducive
to a significant deceleration (theoretically to a rate of zero) of the human aging process [15,
34, 37, 38].

Let us take into account the influence of all external factors that induce organisms to func-
tion in one physiological regimen or another, exactly as an enzymes activity has a bell-shaped
dependence on temperature, pH, and so forth. Such bell-shaped [39] and U-shaped [40] reg-
ularities prevail in nature. Therefore, one can assume that the control system of a poten-
tially non-senescent organism is able to sustain a physiological regimen of complete self-
maintenance not in any circumstances but only within a certain range of changes in the total
external conditions known as “environmental pressure”. Self-maintenance will be incom-
plete outside the zone of adequate environmental pressure. The reserve capacity of organism
will start to diminish, and it will begin to age. But individuals “strive” to occupy positions
in ecological niches with minimal environmental pressure so as to minimize extrinsic mor-
tality and to maximize survivability and life expectancy, despite the onset of senescence, an
age-related increase in mortality rate, and decrease in longevity records. In support of this
line of arguments are the following facts. It is common knowledge that reducing below a
critical level the values both in the concentration of nutrients in the habitat of amoebae and
the water temperature in an aquarium with hydras leads to the senescence of these potentially
non-senescent creatures [3, 35]. That is to say, that by changing external conditions one can
cause primitive non-senescent organism to age [3, 15, 35]. Therefore, the possibility that
the same cause may lie at the base of human senescence should not be discounted; the more
so because it is supported by the correlation between parameters of mortality statistics for
different countries, the populations of which live in varying climatic, social and economic
conditions. This correlation is similar to the mortality pattern for populations of poten-
tially non-senescent organisms, which age in circumstances preventing, to varying extents,
the complete self-maintenance of the organisms. Thus, lowering environmental pressures
beyond the critical threshold must result in senescence, which is statistically expressed in
age-related rise in mortality rate. It is worth mentioning that the mortality pattern [15, 41]
for species with a life history that incorporates repeated reproduction is compatible with this
concept.

Simplest model of aging emergence
Here is a simple model explaining inevitable aging in some non-adequate ambience even

with a perfect design of potentially non-senescent organism. The model based on the ex-
tension of Gompertz’s differential equation dM/M = a dt for an age-dependent increment
in mortality rate M (i.e., relative dying rate of cohort) connected with an increment of age
t by means of introducing to initial equation an additional term, namely b d p(t) [37, 42].
This term takes into consideration an increment/decrement in mortality rate connected with
the alterations in total external conditions (“environmental pressure”) in which the popula-
tion exists. And p is the most probable value of this fluctuating environmental pressure in
relative units. Then the proved assumption was made that Gompertz’s kinetic parameter a
(rate of aging) is not a phenomenological constant but depends on p. Because the effective-
ness of self-maintenance processes may depend not only on the structural and/or functional
peculiarities of an organism but also on the external conditions in which it exists. A linear
approximation of this dependence in pessimal conditions (p < 1) is a = A[1− p(t)]. That
is a new modified equation will be rewritten as dM/M = A[1− p(t)]dt + bd p(t). General
solution of this differential equation in case of d p/dt 6= 0 (significant and irregular trends
in p values) should be different from exponential growth in rate of mortality described by
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Gompertz formula M(t) = M0eat . But in case of quasi-stable p (average p≈ const) the solu-
tion is like Gompertzian M(t, p) = M(0,1)e−b(1−p)+A(1−p)t . Because a = A(1− p), then to a
set of different quasi-constant p corresponds a set of kinetic parameters of a and the previous
formula should be rewritten as

M(t,a) = [M(0,0)e−aT ]eat

Because M0 =M(0,0)e−aT , then it resembles an existent relationship between two Gom-
pertzian parameters M0 and a: lnM0 = lnM− aT . That is to say, though value p, which
characterized the total external conditions, is hard to determine and evaluate nevertheless its
simultaneous influence on both parameter M0 and parameter a allows us to exclude it and
consider only measurable parameters of mortality statistics such as Gompertzian M0 and a
and their relationship. Good enough negative relationship between these parameters (rate
of aging parameter a and initial rate of mortality M0) allows us to extrapolate the values of
these parameters out of the range of available statistical data (e.g. a→ 0) in order to make
some plausible assumptions on the origin of aging in potentially ageless organisms. It is a
very important point because the most reliable data of both human mortality statistics and of
domestic and laboratory animal’s death statistics reveal the feature of their aging in highly
protected/unnatural conditions, and to overcome this situation the external control of aging
is possible [12, 13, 15, 34, 37].

Discussion
External factors affect organisms’ vital activities resulting in higher or lower induction of

self-maintenance to a more or less effective degree. We consider Gompertz’s two-parameter
mortality rate and assume that these parameters depend on a third parameter, p, representing
environmental pressure (total external influences). Biological consideration allows for the
conclusion that a range of environmental conditions (parameter p) exists corresponding to
an adequate level of vital activity. Therefore, a reasonable amount of environmental pressure
plays a stimulating role for organism’s functioning and within this range an organism can
function optimally and completely renew itself thus remaining non-senescent. However, this
range of environmental pressure is not optimal for survival because the environment induces
a heavy death toll among such populations. In other words, the mortality rate of these organ-
isms is high for environmental reasons (extrinsic mortality) [15, 38]. To reduce this mortality
the organism will favors a less aggressive environment. It thus compromises by sacrificing
optimal functioning (complete renewal) for the benefits of the less aggressive environment.
As a result, the organism’s self-renewal becomes incomplete, and senescence generates an
age-related increase in mortality rate. This age-related mortality increase is compensated for
by a more significant decline in mortality due to external (environmental) causes. The opti-
mal balance is kept by evolutionary forces, which optimize the average fitness of a population
of organisms. Taking this into account, one can assume that in the compromised situation
the Gompertzian exponential parameter (which reflects the contribution of the rate of aging)
must decline as environmental pressure increases. At the same time, the age-independent
part of Gompertz’s mortality rate (another Gompertzian parameter) must increase when the
environmental pressure increases. Thus there is distinctly reciprocal relationship between
these two parameters, which has been repeatedly observed for human beings, primates, rats
and flies since 1960 [41, 43]. This relationship is quite similar to the mortality pattern for
populations of potentially non-senescent organisms, which grow old under external condi-
tions that prevent their complete self-maintenance [15, 34, 37, 44]. So we suggest that natu-
ral, nonpathological senescence may be caused by an inadequate interaction of the organism
with its environment.
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Conclusion
Bernard Strehler prophetically said: “There is no inherent property of cells or of meta-

zoan organization which by itself precludes their organization into perpetually functioning
and self-replenishing individuals” [43]. It is clear today that the normal somatic cell lines are
potentially immortal, like cancer cells and germ-line cells. New findings also paradoxically
highlight the capability of old mitochondria, precursor cells, tissues, and organs to rejuvena-
tion during the vital activity at appropriate conditions [12–14, 34]. These and other findings
can lead to a point at which the age-related changes in the most parts of a body are not the
cause, but the effect of organism’s aging. In vivo and in vitro observations suggest that ade-
quate stimuli can ameliorate the state of different biological units. Moreover, many findings
are compatible with the possibility of an entirely extrinsic cause of normal cellular aging. I
have extended this principle to the level of the whole organism and offer the hypothesis in
which emergence of senescence is not a result of the action of a program or stochastic events,
but rather is the consequence of functioning in evolutionary and environmentally inadequate
conditions. The signals from these habitats induce the incomplete self-maintenance regimen
of organism’s control systems as well as the organism itself. Modification of some compo-
nents of the control system can readjust its parameters, as in the nematode whose lifespan
can be prolonged 10-fold in artificial laboratory conditions [45]. It is possible that a similar
result can be attained by means of specific modulation of external signals.

Our current understanding both mortality patterns’ regularities and fundamental features
of cellular functions, when combined with our understanding of the results of environmental
influences, makes full aging control potentially possible.
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1 Introduction
The scientific study of blood flow through human circulatory system has been the subject

of scientific re-search for a couple of centuries. It is a complex problem due to the compli-
cated structure of blood vessels and the blood itself. The experimental studies are very useful
for the diagnosis of cardiovascular diseases and other practical applications. Unfortunately,
experiments are usually expensive and have technical limitations. That’s why mathematical
models are so important in studying human circulatory system. They help to predict the
consequences of different impacts on human body and calculate various blood parameters.

We use 1D network dynamical model of systemic circulation [1, 2] et. al. in this work that
is briefly presented in the beginning. It provides adequate and detailed enough description
for the blood flow in the heart, major large arteries and veins of hands and legs. We introduce
new method of model validation and identification by comparing calculated and experimental
values of the pulse wave velocity (PWV) [3, 4]. We use PWV index in this work to specify
model parameters more adequate for specific cases of trained athletes [5, 6].

The work is focused on extending this model with mathematical model of skeletal-muscle
pumping that is described in the second part. The skeletal-muscle pump is an effect of
the group of skeletal muscles during exercise providing additional pressure to the blood
flowing to the heart from extremities. Such pumping is especially important in the veins of
the legs during walking and running. Numerical simulations are presented showing blood
flow redistribution during intensive exercise. Basing on the purely mechanical approach we
conclude that effective blood flow through lower extremities during intensive running can be
optimized by the stride frequency that depends on the cardiovascular network morphological
properties.

2 1D-model of systemic circulation
In this work we used network dynamical model of closed circulation [1, 2] et. al. tak-

ing into account systemic arteries and veins. The model is based on the model of viscous
incompressible fluid flow through the network of elastic tubes. Such flow in every vessel is
described in terms of mass and momentum balance equations

∂Sk

∂ t
+

∂ (Skuk)

∂x
= 0 (1)
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where k — index of the vessel; t — time; x — distance along the vessel counted from
the junction point; ρ — blood density; Sk(t,x) — vessels’s cross-section area; S 0

k — un-
stressed cross-sectional area; uk(t,x) — linear velocity averaged over the cross-section; pk —
blood pressure; αkg — force of gravity (αk — orientation of the vessel toward vertical);
f f r(Sk,uk,S 0

k ) — friction force

f f r(Sk,uk,S 0
k ) =−4πµuk

S2
k

(
Sk

S 0
k
+

S 0
k

Sk

)
(3)

µ — blood viscosity.
We suppose that the networks of the arteries and veins have the same structure. The full

network of systemic circulation is composed of joining these two networks by virtual vessels
having averaged properties corresponding to the terminal circulation. General scheme of the
network used in this work is shown at fig. 1. Vessels and the heart are connected at junc-
tion points of three types: vessel-heart, several vessels of the same type (arteries or veins),
virtual vessel connecting large terminal artery and vein. As a result peripheral circulation is
described in this model by virtual terminal vessels. Some averaging procedures required to
identify their properties corresponding to some macro region of the capillary bed.

Figure 1: The scheme of arterial and venous vessel networks.

To close the set (1), (2) it is necessary to take into account the wall-state equation pro-
viding elastic response of the vessel’s wall to pressure gradient between “internal” blood
pressure and “external” pressure from surrounding tissues

pk − p∗k = ρc2
k fk (Sk) (4)
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p∗k — pressure in the tissues surrounding the vessel. Parameter ck has a physical meaning
of PWV in unstressed vessel. In the simulations concerning intensive muscle-pumping we
set it according to the data for professional athletes [5, 6].

3 The model of skeletal-muscle pump
Exact simulation of muscle pump work is an enormous task. We derive muscle pumping

in the scope of a few assumptions. The force compressing the vessel is directed perpendic-
ularly to the vessel’s axis. It allows to consider muscle pumping as external pressure p∗k
in (4). To evaluate this pressure we consider muscle as a cylinder holding the weight of a
human body. According to [7]

p∗k ∼
mg
S

σ
1−σ

(6)

where m — mass of the body; S — muscle cross-section; g — gravity constant; σ — muscle
Poisson ratio. For a professional sprinter we evaluate p∗k as 10 kPa.

Walking and running are periodical processes. Hence, they should be simulated by a
periodic function. The period T equals the time needed to perform two complete strides.
Thus, stride frequency can be computed as

ν = 2/
T (7)

and external pressure can be given by

p∗k =
Pmax

2

[
1+ sin

(
2πt
T

+Φ
)]

(8)

where Pmax = 10 kPa; Φ — phase (for the vessels of the left leg we set Φl = 0 and for the
right — Φr = π

/
2).

Major veins of the legs have the valves preventing the backward blood flow. The mecha-
nism of valves functioning is shown on fig. 2

Figure 2: Venous valves.

We propose to simulate this feature by modifying friction force for the negative values of
blood velocity

Ff r =

{
f f r(s,u),u > 0
A ,u < 0 ,A � 1 (9)

where f f r(s,u) is a force used in general non-valved vessel (3); A — a barrier which is a
great positive value totally preventing backward flow.
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4 Results
4.1 Model validation

Developed model was identified, tested and validated by different methods described
in [1, 2] et. al. In this work we also validate the model by comparison integral PWV obtained
in experiments [4] and computed by our model. Results are depicted at fig. 3.

Figure 3: Blood pressure and PWV in arm arteries at different arm positions.

Fig. 3 shows that blood pressure and PWV in brachial artery drops as the angle between
the arm and horizontal level increased. It validates our model as far as PWVs obtained from
numerical simulations are in good correspondence with experimental data [4].

4.2 Skeletal-muscle pump

The key feature in blood supply of extremities during intensive exercise is muscle pump-
ing. In order to simulate blood flow in the legs during intensive exercise a series of numerical
simulations were carried out. In each simulation we considered the network (fig. 1) to be at
rest (zero stride frequency) for the first 90 sec. External pressure (8) were added to (5) in
the equation set (1)-(5) corresponded to the leg veins for the next 70 sec for particular stride
frequency. Pressure amplitude was gradually increased to its maximum value within the first
10 seconds of this period due to numerical stability limitations.

During these simulations we observed anterior tibial vein (fig. 1) blood flow averaged
over the 4 cardiac cycles. Thus, fig. 4 has a stair-step shape. The results of two simulations
are shown at fig. 4. They correspond to the stride frequency of 2 and 4 steps per sec.

Figure 4: Blood flow during muscle pumping.

From fig. 4 we conclude that increase of the stride frequency results in increase of the av-
erage blood flow that results in increased muscles oxygen supply and thus energy production.
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Figure 5: Optimal stride frequency for two networks (170 cm and 195 cm in height).

Further stride frequency increase reveals an optimal value giving the highest increase in aver-
age blood flow through the leg vessels. Our simulations showed that this optimal frequency
depends on the vessel’s length. Networks with longer vessels demonstrate lower optimal
frequency while networks with short vessels produce a higher one. Further we assume corre-
lation between the network length and the height of a human. Effect is demonstrated at fig. 5
where two networks were uniformly scaled to fit 170 cm and 195 cm in height. We observe
optimal stride frequency of 7.5 and 6 strides per sec for these cases.

In order to validate these results we tried to use specific network that was reproduced to
fit Usain Bolt’s (gold medal in 100 meters sprint in Beijing 2008 Olympiad) height. Elastic
properties of the vessels were adjusted corresponding to professional athletes PWV mea-
surements [6]. Using described above technique we simulate Usain Bolt’s optimal stride
frequency that is presented on fig. 6. The result is compared to the actual stride frequency
demonstrated by Usain Bolt during his gold medal run. This value was calculated from Bei-
jing Olympiad video. Obviously fig. 6 shows very good coincidence between our prediction

Figure 6: Blood flow vs stride frequency; vertical line — Usain Bolt’s stride frequency during his
100 m runs in Beijing 2008.
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and actual result that is within 5% accuracy.

5 Discussion
In this work we extending previous global dynamical model [1, 2] et. al. with muscle

pumping model that allows us to simulate average blood flow in lower extremities under
intensive exercise. In a set of numerical experiments we observe optimal stride frequency
providing maximum average blood flow in the vessels of lower extremities. The further
increase of the strides results in decrease of the average blood flow. We suppose this de-
crease may be accounted for the decrease of period T/2 in (8) during muscles relaxation that
becomes insufficient to provide appropriate venous filling.

Numerical simulations presented in this work show that optimal stride frequency depends
on the total length of the network. This idea approved by the fact that taller sprinters demon-
strate lower stride frequency during competitions. We also validate this result by comparing
Usain Bolt stride frequency demonstrated during his 100 meter runs in Beijing 2008 and
simulated optimal stride frequency that coincides within 5% accuracy.

It should be mentioned that actual value of the average blood flow is not accessed in this
study. Exact quantitative value of average blood flow prediction requires a great number
of patient-specific parameters to be measured (cardiac output, vessels structure and property,
muscle pump function, pressure amplitude et. al.) that are unavailable in our situation. It also
important that numerical optimal stride frequency was computed basing on the 10 seconds
acceleration and 70 seconds running time that is caused by numerical stability limitations.
Actual 100 meters distance was completed by Usain Bolt within 10 seconds. Thus, extensive
future study required to validate proposed method more precisely. This future work would
include sprinters, stayers and marathoners.
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Abstract

Systemic risks characterizing the Russian overnight interbank market from the net-
work point of view are analyzed.

Introduction
The continuing financial crisis has focused particular attention on systemic risks related

to interbank networks. The corresponding literature includes papers analyzing real interbank
networks [1–3], theoretical discussions and modelling [4, 5] and discussion of prudential
measures [6]. At the conceptual level the research in this area is based on a theory of complex
networks, see e.g. [7–9].

The main goal of the present study is to examine the structure of the Russian interbank
network and the corresponding systemic risks related to possible default of one of the banks
and the volume of contagion triggered by this event.

In our analysis we use the data on overnight interbank transactions of 767 banks from
August 1 2011 till November 3 2011. The choice was made in such a way that each bank had
at least one transaction within the considered time period. Only transactions corresponding
to borrowing (lending) money without any collateral were taken into account.

Network structure
Let us turn to a more detailed description of the global properties of the Russian interbank

network. As has been already mentioned, the database includes all 767 banks having at least
one transaction within the considered period of 69 days.

The network of interbank interactions is defined as follows. The nodes of a network
stand for banks. A (directed) link between two nodes describes an interbank interaction
involving two parties, a borrower and a lender. In what follows we use a standard definition
where a link is directed from a borrower to a lender. In network terms lending money to a
counterparty creates an outgoing link and borrowing money - an incoming one. In addition,
each link is characterized by an amount of money borrowed (lent). An interbank network is
thus fully characterized by a directed weighted graph GW = (N,W ), where N is the number
of the nodes and W = {wi j} is the N×N matrix of interbank exposures where wi j > 0 is a
total obligation of the bank i to the bank j.

Let first analyze the gross geometrical features of the interbank network under consider-
ation.
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The simplest characteristics of a network is a probability p of having a link which, for a
network with N vertices and K links can be estimated as

p =
2K

N(N−1)
(1)

For the Russian interbank network under consideration the average value of p is 〈p〉 ∼
0.0037.

Another important characteristics of a graph is a clustering coefficient C which1 can
conveniently be defined as a ratio of a number of actually existing links between the z nearest
neighbors of a vertex and their total possible number z(z−1)/2. It is clear that for a totally
random graph one has C = p. For the network under consideration the averaged clustering
coefficients for incoming and outgoing clusters CIn = 0.035 and COut = 0.012 respectively
showing a significant amount of clustering.

Let us now turn to the global characteristics of the trading pattern corresponding to a
characteristic interbank network. The simplest characteristics of an overall activity is the
mean number of banks that are active or, equivalently, the mean number of banks that are
passive on a given day. The corresponding values are 470 and 297 respectively, so that on a
typical day we have a network of 470 active banks. These latter can be active in a different
fashion. At two opposite poles are pure lenders, i.e. vertices with incoming links only - on
average, 299 vertices per day and pure borrowers, i.e. vertices with outgoing links only - on
average, 92 vertices. The remaining 79 vertices serve as connectors between borrowers and
lenders, i.e. borrow and lend at the same time. A more detailed description of an average
daily "in-out" pattern is presented in the Table 1. The columns in Table 1 correspond to an

Table 1: Interbank market structure

Condition k = 0 k > 0 k > 2 k > 10
In 389 (14) 378 (14) 126 (9) 14 (3)

Out 596 (8) 171 (8) 82 (5) 29 (3)
Only In 297 (15) 299 (14) 82 (8) 2 (1)

Only Out 297 (15) 92 (8) 29 (4) 5 (2)

average daily number of vertices of given type (In, Out, etc.) satisfying certain conditions.
In parentheses we show the corresponding standard deviations.

As has been already mentioned, the systemic risk associated with an interbank network
refers to propagation of defaults triggered by the default of one or several banks (vertices)
and propagating along outgoing links. In this context the properties of the Russian interbank
market characterized by the Table 1 lead us to the following observations:

1. The number of pure lenders is almost twice as large as that of pure borrowers. This
feature creates specific systemic risks because a default of any borrower may lead to
defaults of several lenders.

2. Of special interest are those 29 banks which are characterized by large (kout > 10)
values of their out-degree. These banks are clearly especially important sources of
systemic risk. Let us note that these banks accumulate 63% of the total systemic debt.

1For simplicity in computing C we treat the graph as an undirected one.
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3. Let us also point at those 14 banks that have more than 10 incoming links. From the
network perspective these banks play a role of hubs absorbing potential shocks due to
their loan’s diversification. These banks control 37% of the total loan.

An important generic feature of a directed network are the probability distributions
P(k in) and P(kout) for the number of incoming and outgoing links for a vertex. The ma-
jority of networks discussed in the literature, see e.g. [7–9], are the so-called scale-free ones,
i.e. have powerlike tails P(k) ∼ const/kγ . The corresponding marginal in- and out- degree
distributions for the Russian interbank market are shown in Figs. 1 and 2 respectively. We
see that the network is scale-free for both distributions with γ in = 1.92 and γout = 2.64.
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Figure 1: Marginal in- degree distribution.

Propagation of contagion in a network is crucially dependent on its connectivity. The
simplest corresponding characteristics is an average number of in- and out- links z in

2 and
z out

2 of the nearest neighbors of a vertex. The bigger are z in
2 and z out

2 in comparison with
the mean number of in- and out- links for a vertex z1 = z in

1 = z out
1 , the easier is contagion

propagation along the corresponding cluster. For the Russian interbank network we have
z1 = 1.41, z in

2 = 9 and z out
2 = 28. This the condition z2/z1 > 2 for an existence of a giant

component holds both for in- and out- clusters.
A more detailed information on the network connectivity is given by a conditional prob-

ability distribution P
(
k in

2 ,k out
2 |k in

1 ,k out
1
)

characterizing probability for a nearest neighbor of
a vertex with k in

1 incoming and k out
1 outgoing to have k in

2 and k out
2 incoming and outgoing

links respectively. In Fig. 3 we show two lowest moments of its marginal distributions,
namely 〈k out

2 〉(k out
1 ), Fig. 3 (a), and 〈k in

2 〉(k out
1 ), Fig. 3 (b). Both plots show pronounced

assortiativity at small k out
1 for both k in

2 and k out
2 .
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Figure 2: Marginal out- degree distributions.

Contagion effect
Let us start with formulating the model of default contagion spreading in a bank network

we are using in the present study. The original source of risk are banks (vertices) that have
loans and default on their payment. The banks immediately affected by such a default are
the nearest neighbors of this vertex reachable via outgoing links attached to it. If one of the
nearest neighbors also defaults, the process can spread further. A probability of infection
depends on the number of incoming and outgoing links of a vertex. In the present study we
use a simple stylized model of bank balance sheets from [5]. However, at difference with the
analysis of [5] and similarly to [3], we are working with the real day-by-day topologies of
the interbank market. In this model a representative bank has a simple balance sheet struc-
ture with interbank and illiquid assets on the assets side and capital, deposits and interbank
obligations on the liabilities side shown in Fig. 4. The corresponding condition for the bank
i to be solvent is

(1−φ)AIB
i +qAM

i −LIB
i −Di > 0, (2)

where AIB
i denotes interbank assets of bank i, AM

i – its illiquid assets, LIB
i – its interbank lia-

bilities, φ is a fraction of banks having obligations with respect to bank i that have defaulted,
and q is the discount for fire-selling illiquid assets. It is assumed that interbank claims and
liabilities of a particular bank are uniformly distributed across its borrowers and creditors so
that φ = 1

ji
where ji is the number of borrowers. This assumption highlights an importance

of the incoming degree for each bank as reflecting its risk diversification. Banks with a high
value of the incoming degree have lower probability to go bankrupt due to contagion effect.
At the same time banks with a high value of the outgoing degree can be the sources of con-
tagion. For simplicity neglect the fire discount, i.e. assume q = 1 in Eq. 2. Therefore one

86 ICENet-2012



0 20 40 60

0
2

4
6

8
1
0

1
2

1
4

Out k1

<
O

u
t 
k
2
>

a

0 10 20 30 40 50

1
0

1
5

2
0

2
5

In k1

<
O

u
t 
k
2
>

b

Figure 3: Out-in (a) and out-out (b) degree correlations

Figure 4: Simplified balance sheet

can rewrite the solvency condition 2 as follows:

Ki

AIB
i

>
1
ji
, (3)

where the capital buffer Ki is defined as

Ki = AIB
i +qAM

i −LIB
i −Di (4)

Our main goal will be to study the impact of the capital buffer size on the number of
banks which default due to contagion. The procedure we use is as follows:

1. We set the values of relevant parameters. We assume that AIB
i makes 20% of the

balance sheet and study a range of capital buffer values from 4 to 10 % of the balance
sheet.

2. Taking real structure of the overnight interbank market we default each bank and de-
termine the size of the default cluster by checking, using Eq. 3, whether some of its
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nearest neighbors that can be reached from the defaulted vertex via outgoing links
are infected, etc. For each initial bank i a default cluster for is the number of banks
defaulted due to the default of i as a result of contagion process.

3. Finally, for each value of the capital buffer we calculate an average over default cluster.

The results of this simulation are presented in Figs. 5 and 6 in which probability dsitri-
bution of default cluster sizes (Fig. 5) and a dependence of the average default cluster on
the value of capital buffer (Fig. 6) are shown. From the distribution in Fig. 5 we can make
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Figure 6: Average size of default cluster as a
function of a capital buffer.

quantitative statements on the significance of systemic network-related risks. For example,
for the capital buffer size of 4% of total balance sheet there is a 1% probability for more than
8 banks go bankrupt. The main conclusion that can be drawn from Fig. 6 is that the average
default cluster size is rapidly decaying with growing capital buffer.

Conclusion
In this study we have analyzed some systemic network-related properties of the Russian

overnight interbank market. A detailed analysis will be published in [10].
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Mathematics for some classes of networks
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Network (as a general notion) is not a mathematical object - there is no even any def-
inition. However, there is a lot of good rigorous mathematics for well-defined classes of
networks. In sections 1-3 we give a short overview of classes of networks which interested
the authors for some time. In section 4 we consider in detail a new class of networks, related
to markets with many agents.

1 Random field dynamics on a fixed graph
The basic element of most networks is a graph G with the set V = V (G) of vertices and

the set L = L(G) of links (lines, edges). Second basic element is a function s = f (v) : V → S
with values in some space S The elements of S may be called marks, spins, field values,
queues etc. The function f is subjected to random dynamics.

Simplest example is (an earlier stuff) random walks on graph, where f = 0 everywhere
except one point where the particle is situated. This is related to electric networks, see for
example [6].

In general there are two different situations. First one is a local continuous time Markov
dynamics given by infinitesimal transitions. Classical reference is [9], mostly such processes
model stochastic dynamics of particles or spins. The latter are related to Gibbs random fields
(invariant measures for this dynamics) on graphs, see [10] and references therein.

Queuing, communication and transportation networks The simplest case is when the
particles jump (from one node to another) freely without seeing each other, the only interac-
tion is only through queues at the nodes, where they spend some time. There are two main
theories concerning such class of networks:

1. Most popular - Jackson network (1963) and its generalizations (Gordon-Newel,
BCMP). This theory gives explicit formulas for the stationary distribution and is the
origin of many other analytical results. One of the applications is to describe jams and
phase transitions in communication [11] and transportation [12] networks.

2. Stability theory (1968-1995) exhibits in many cases of large time qualitative behavior.
If the walking clients are identical then it is described by random walks in orthants and
strongly uses It uses Lyapounov functions, Euler scaling (fluid approximation), ergodic
theory of dynamical systems and Lyapounov exponents, see [13]. If the walking clients
can be of finite number of types then the corresponding theory [4] is the union of the
one type case and the theory of random grammars (see below).

For more sophisticated restrictions - network protocols (TCP etc.) - there are many partial
results but no comparable (deeply elaborated) mathematical theories.

Chemical kinetics - mean field Markov chain
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Mean field network means that there is no specified local structure on the graph. Example
of such theory is the chemical kinetics. It describes the following situation. Molecular types
are indexed by V , nv - number of molecules of type v

n1 + ...+n|V | = N

There are also reaction types r = 1,2, ...,R, formally - multigraph defined by finite number
of equations

∑
v

svrMv = 0

where Mv - molecule of type v, svr - stoihiometric coefficients of molecule type v in reaction
of type r , negative for substrates, positive for products. Reaction rates (continuous time
Markov chain) are given by

λr = Ar ∏
v:svr<0

n−svr

for the jump (transition)
nv→ nv + svr,v ∈V

To get ODE of classical chemical kinetics

dcv

dt
= ∑

r
Qvr(c1, ...,c|V |)

for some polynomials Qr, in the limit N→ ∞

cv(t) = lim
n(N)

v (t)
N

one uses canonical scaling of reaction rates

Ar = arNsr+1,sr = ∑
v:svr<0

svr

To deduce chemical thermodynamics is more difficult [14], one should, together with
molecular types v, introduce more degrees of freedom: kinetic energy Tv,i and internal energy
Kv.i of i-th molecule of type v. Also, one should define more complicated mean field dynam-
ics - introduce energy mechanism in reactions. As there is kinetic energy - there should be
Newtonian movement, and the dynamics become mixed: local + mean field. Molecule move
freely (as in ideal gas) but kinetic energies randomly interchange with internal energies.

Network homeostasis [15] Network is defined by

1. large graph G of compartments, this graph G has metrics and the boundary,

2. in any compartment chemical kinetics is defined, that is there are molecules with chem-
ical reactions,

3. there is transport of molecules between compartments

4. there is input and output of molecules on the boundary

Under some conditions (the main is that reactions are unary) it is possible to prove that far
from the boundary there is equilibrium - concentrations almost do not change with change
of input.
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2 Dynamics of graphs and of marked graph
Earlier the science of random graphs considered mainly the properties of graphs with

fixed number of vertices and/or random number (for example Bernoulli) of edges, see for
example [6, 8, 18, 19]. The simplest dynamics (appending edge by edge) appeared already
in [7], see also [3]. What more general dynamics on graphs one should study? First of
all, it is more reasonable to consider evolution of marked graphs. Most general dynamics of
marked graphs (local random dynamics of a graph. jointly with a field on it) is called random
graph grammars [1, 2, 5] and [21, 22]. It appears to be quite natural in connection with the
emerging new physical theories [16, 17, 25] and social networks [20]. Namely, if eventually
the local space-time appears to be discrete, then the most natural language for it is a graph
with some physical fields on it. The dynamics of the space time is local. The example is the
following.

Macrodimension of a graph - invariant of local dynamics We consider infinite (count-
able) graphs G. Let On(v) be the neighborhood of vertex v of radius n. Put

Dn(v) =
ln |On(v)|

lnn
,D(v) = lim sup

n→∞
Dn(v),D(v) = lim inf

n→∞
Dn(v)

If for all v
D(v) = D(v) = DS

then DS is called scaling macrodimension of graph G. For example any homogeneous
lattice in euclidean space Rd has scaling macrodimension DS = d. Note that there are many
other definitions of variants of macrodimension: connectivity, Hausdorf, entropy, inductive
macrodimension.

Denote GM the class of connected graphs where each vertex has degree ≤ M. Let U -
any local dynamics (graph grammar).

There is the following result [16]. If for some sufficiently large M U leaves the class
GM invariant and the corresponding Markov chain is locally reversible then the scaling
macrodimension is an invariant.

Local reversibility means that Kolmogorov cycle criteria relations

ai1i2...aiLi1 = 1,ai j =
λi j

λ ji

follow from such relations of bounded length.

Random graph grammars Consider words α = x1...xN (ordered sequences of symbols),
where xN belongs to some finite alphabet A. Grammar is defined by the list Sub of produc-
tions (allowed substitution types)

S j : α j→ β j, j = 1, ...,S

Random grammar includes also positive numbers λ j (rates). That is at time interval (t, t+dt)
in the word α(t) any subword α j is independently replaced by β j with probability λ jdt
(continuous time Markov chain).

For graph grammar α(t) are marked graphs, α j,β j are (small) connected marked
graphs. Thus, α j is deleted from the graph and β j is pasted instead (some restrictions needed
of course). Note that ordinary grammar is a particular case, corresponding to linear marked
graphs.

One of the problems - invariant measure and conserved characteristics with respect to
given graph grammar dynamics was considered in [12, 21, 22].
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3 Quantum Graph Grammar
What is quantum graph [26]. Consider Hilbert space l2({G}) with (orthonormal) basis

eG, enumerated by finite graphs G. Or by finite marked graphs if the set of marks is finite.
First example is linear marked graphs - quantum words.

To define quantum dynamics assume that if a j = (αi→ βi) ∈ Sub then also inverse sub-
stitution a∗j = (βi→ αi) ∈ Sub. Denote S j(k) the substitution S j applied to subword of the
word α starting on k-th symbol of the word α . Introduce the Hamiltonian

|Sub|
∑
j=1

∞

∑
k=1

(λ ja j(k)+λ ∗j a∗j(k))

The first simple result is: this Hamiltonian is selfadjoint in l2({G}), that is the quantum
evolution is well-defined.

Gibbs and Quantum Spaces G - class of finite graphs with a function f : V → R , called
spin graphs (G, f ), GN - class of such spin graphs of radius≤D. Potential is defined as some
function Φ : GD→ R. Hamiltonian H : G→ R is

H((G, f )) = ∑Φ(γ)

where the sum over all sub spin subgraphs of (G, f ). Partition function

ZN = ∑
(G, f )∈GN

exp(−βH(G, f ))

Gibbs measure on G f ,N

µN(G, f ) = Z−1
N exp(−βH(G, f ))

There are many results-examples (by physicists and mathematicians) related to “quantum
gravity”, see for example [17, 25] and references therein.

4 Trading network as Boltzmann mechanics of communicating vessels
Standard financial mathematics considers games of one or small number of players

against the chance (random market). Recently, a new approach (called multi-agent mod-
els) appeared which considers the games of many players against each other. This theory is
at the starting point and its models are mainly mean-field models.

In this section some local models are considered where there are many players and many
financial or trading instruments. Our model develops simpler models of ([23, 24]). The
model resembles communication and transportation networks - the main difference is that the
nodes have special dynamical values (moving boundaries, or real prices). The clients have
also their own subjective prices and their interaction (transaction) with the nodes depend on
these prices. This model does not describe any real situation (and any other existing multi-
agent model as well) but we hope that some features of this model will be useful for future
more realistic models.

Free one-phase Boltzmann dynamics Consider the phase space S = I× I0, where I ⊂ R
is an infinite interval and I0 = [−V0,V0], 0 <V0 < ∞. On S at any time t ≥ 0 a random locally
finite configuration {(xi(t),vi(t))} of particles is given with coordinates xi ∈ I and velocities
vi ∈ I0. Assume that this configuration at any time t has distribution Pt with one-particle
correlation function f (x,v, t) defined so that for any subset A⊂ S of the phase space

E #{i : (xi,vi) ∈ A}=
∫

A
f (x,v, t)dxdv
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One can have in mind Poisson measure P0 at time t = 0. Any particle moves always with its
initial velocity, independently of other particles. Also there is Poisson income flow of parti-
cles from exterior with rate λ (x,v, t), that is during time interval [t, t +dt] the mean number
of incoming particles to the cell [x,x+dx]× [v.v+dv] of the phase space is λ (x,v, t)dxdvdt.
Assume moreover that each particle can die (disappear) with exponential distribution having
rate µ(x,v, t). This means that during time dt µ(x,v, t)dxdvdt particles leave the cell dxdv.

Remind that we assume boundedness of velocities, that is

f (x,v, t) = λ (x,v, t) = µ(x,v, t) = 0, |v| ≥V0

Lemma 1 For any x ∈ I and t < d(x,∂ I)
V0

, where d(x,∂ I) is the distance of the point x from the
boundary of I, the standard linear Boltzmann equation holds

∂ f
∂ t

+ v
∂ f
∂x

=−µ(x,v, t) f (x,v, t)+λ (x,v, t) (1)

This is trivial for µ = λ = 0. In fact, for small δ > 0 we have

f (x,v, t +δ ) = f (x− vδ ,v, t) (2)

if x is not on the boundary of I and δ is sufficiently small. Subtracting f (x,v, t) from both
parts of this equality, dividing by δ and taking the limit δ → 0, we have

∂ f
∂ t

+ v
∂ f
∂x

= 0 (3)

The unique solution of the Cauchy problem for (3) is

f (x,v, t) = f (x− vt,v,0)

If there λ 6= 0,µ = µ(x,v) 6= 0 then it is also easy to see that the equation (1) holds. Note
that if λ = 0 and µ does not depend on t, there is also explicit solution, see section XI.12
in [27]

f (x,v, t) = f (x− vt,v,0)exp
(∫ t

0
µ(x− vs,v)ds

)

Two phases — particle dynamics We shall define two types of dynamics — particle dy-
namics and continuum media dynamics.

In the particle dynamics (±)-phases consist of (±)-particles so that each (−)-particle is
to the left of any (+)-particle. Denote b(t) ∈ R (boundary between phases) the coordinate of
the leftmost (+)-particle. Then for x≥ b(t) there is (+)-phase and for x < b(t) there is (−)-
phase. Particles move, as above, with their own velocities until a (−)-minus particle reaches
the point b(t), then it disappears together with the (+)-particle at b(t) and the point b(t)
jumps to the coordinate of the new leftmost (+)-particle. After this, the process proceeds
similarly.

Random configurations of particles are defined by the correlation functions f±(x,v, t)
correspondingly. Assume that also the functions λ±(r, t),µ±(r, t),r ≥ 0, are defined, smooth
on R+ and zero if r ≥ R0 for some 0 < R0 < ∞.

The dynamics of one point correlation functions f±(x,v, t) for x 6= b(t), that is on (b(t),∞)
and (−∞,b(t)) correspondingly, is given by the equations (already non-linear as b(t) is
unknown)

∂ f±
∂ t

+ v
∂ f±
∂x

=−µ±(x−b(t),v, t) f±(x,v, t)+λ±(x−b(t),v, t) (4)
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This means that we assume that arrivals and departures depend only on the distance r =
|x−b(t)|.

Thus two phases add reactions between particles of different phases. The following in-
terpretation is useful. We consider one instrument (stocks, futures, houses or other real
estate etc.). There are two types of traders - (+)-particles correspond to sellers and (−)-
particles to buyers, xi are subjective prices comfortable for the trader i. Collision between
particles corresponds to transaction, after this both leave the market. In more general cases
it will be possible that they do nor leave the market (see below).

We consider here a particular case when for some constant velocities v± and for any t

f±(x,v, t) = ρ±(x, t)δ (v− v±)

For this to hold at any time t it is sufficient to demand that this holds for t = 0. Initial
conditions are defined by the initial densities ρ±(r,0). The velocities v± can be interpreted
as averaged velocities for sellers and buyers correspondingly.

Two phases — fluid dynamics It can occur that under some scaling the defined particle
dynamics tends to some kind of continuous (fluid) picture, see [23], but we shall not pursue
this way here. Instead, we consider continuous densities of (+)-masses and (−)-masses and
shall define their dynamics directly. We assume that at each time t there exists point b(t) -
boundary between phases. There are two phases with initial densities ρ+(r,0),ρ−(r,0) where

r = r(t) = |x−b(t)|=±(x−b(t))

correspondingly. Phases move with velocities v±correspondingly. Collision of plus and
minus masses (at the point b(t)) leads to their cancellation in equal amount. There is more
realistic possibility - to make the cancellation proportional to the current price, but we do not
consider this possibility here.

We obtain equations for the triple (b(t),ρ+(r, t),ρ−(r, t)) similarly to the way how the
equations of continuum mechanuics are derived in the textbooks, that is using conservation
laws. Here there is only one - mass conservation law.

First of all, obtain the equation for the boundary. Assume b(t) smooth and put β = db(t)
dt .

Then for time dt the amount of positive mass, reaching the boundary will be

M+(β , t)dt =
∫

v−β<0

∫

r<(−v+β )dt
f+(r,v, t)dv+o(dt) =

dt
∫

v−β<0
f+(0,v, t)(−v+β )dv+o(dt)

In fact, income and outcome give the contribution o(dt). Similarly for negative mass

M−(β , t)dt =
∫

v−β>0

∫

r<(v−β )dt
f−(r,v, t)dv+o(dt) =

dt
∫

v−β>0
f−(0,v, t)(v−β )dv+o(dt)

Lemma 2 For any t there exists unique β = β (t) such that

M+(β , t) = M−(β , t) (5)
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In fact, consider the equation with respect to β
∫

v−β<0
f+(0,v, t)(−v+β )dv =

∫

v−β>0
f−(0,v, t)(v−β )dv

Then if β increases, then the right-hand side increases and the left-hand side decreases.
We can rewrite the equation (5) in our case

ρ+(0, t)(−v++β (t)) = ρ−(0, t)(v−−β (t)) (6)

from where we can get β (t)

β (t) =
ρ+(0, t)v++ρ−(0, t)v−

ρ+(0, t)+ρ−(0, t)
(7)

Now we should write the equations for the densities. For ρ+(r, t) we get

ρ+(r, t +∆t) = ρ+(r− (v+−β (t))∆t, t)−µ+(r, t)ρ+(r, t)∆t +λ+(r, t)∆t +o(∆t) =

= ρ+(r, t)− (v+−β (t))
∂ρ+(r, t)

∂ r
∆t−µ+(r, t)ρ+(r, t)∆t +λ+(r, t)∆t +o(∆t)

In the limit ∆t→ 0

∂ρ+(r, t)
∂ t

=−(v+−β (t))
∂ρ+(r, t)

∂ r
−µ+(r, t)ρ+(r, t)+λ+(r, t) (8)

Similarly ρ−(r, t):

ρ−(r, t +∆t) = ρ−(r+(v−−β (t))∆t, t)−µ−(r, t)ρ+(r, t)∆t +λ−(r, t)∆t +o(∆t)

∂ρ−(r, t)
∂ t

= (v−−β (t))
∂ρ−(r, t)

∂ r
−µ−(r, t)ρ−(r, t)+λ−(r, t) (9)

It would be nice to prove accurately that the solution of equations (6,8,9) exists for any
t ≥ 0 and is unique, but we did not try to do this.

Fixed points and stationary points Assume that the functions λ±(r) = λ±(r, t) and
µ±(r) = µ±(r, t) do not depend on t (remind that they were assumed to have compact sup-
port). Denote

γ(+)
cr =−v−1

+

∫ ∞

0
λ+(x)exp

(
1

v+

∫ x

0
µ+(y)dy

)
dx, γ(−)cr =

= v−1
−

∫ ∞

0
λ−(x)exp

(
− 1

v−

∫ x

0
µ−(y)dy

)
dx

and

γcr = max

(
γ(+)

cr ,
v−γ(−)cr

−v+

)

We define the fixed point of our dynamics by the conditions: β (t) = 0 and ρ±(r, t) do not
depend on time. Alternatively the fixed points are defined as any solutions of the stationary
version

ρ+(0)v++ρ−(0)v− = 0 (10)
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−v+
∂ρ+(r)

∂ r
−µ+(r)ρ+(r)+λ+(r) = 0 (11)

v−
∂ρ−(r)

∂ r
−µ−(r)ρ−(r)+λ−(r) = 0 (12)

of the system (6,8,9). We will prove that there exists a family of fixed points depending on a
real parameter.

Similarly, we call stationary point any solution of the system of equations (6,8,9), where
β = β (t) and the densities do not depend on t. We shall prove that there is a family of
stationary points depending on two real parameters.

We say that a fixed (or stationary) point has finite mass if
∫ ∞

0
ρ±(r)dr < ∞

Theorem 3 Let the parameters λ±(r),µ±(r) and v±be fixed. Then

1. For any value of the parameter γ+ = ρ+(0) there is at most one fixed point. For
γ+ < γcr there is no any fixed point. For γ+ ≥ γcr there exists exactly one fixed point
defined by

ρ+(r) = e−
1

v+

∫ r
0 µ+(x)dx

(
ρ+(0)+ v−1

+

∫ r

0
λ+(x)e

1
v+

∫ x
0 µ+(y)dydx

)
(13)

ρ−(r) = v−1
− e

1
v−
∫ r

0 µ−(x)dx
(
−v+ρ+(0)−

∫ r

0
λ−(x)e

− 1
v−
∫ x

0 µ−(y)dydx
)

(14)

2. The fixed point has finite mass if γ(+)
cr = γ(−)cr

3. For any γ+,γ−such that

γ+ = ρ+(0)≥ γ(+)
cr , γ− = ρ−(0)≥ γ(−)cr

there is exactly one fixed point. Then the densities are defined by formulas (13,14) and
the boundary velocity is

β =
ρ+(0)v++ρ−(0)v−

ρ+(0)+ρ−(0)

4. Stationary point has finite mass iff γ+ = γ(+)
cr , γ− = γ(−)cr .

Proof. Solving equations (8,9) we get for any r > 0 equations (13) and (14). Note that, by
equations (14) and (13), densities ρ−(r), ρ+(r) are positive iff γ+ ≥ γ(+)

cr , γ− ≥ γ(−)cr . Taking
into account equation (10) we get the first asserion of the theorem.

For the stationary points the densities are again defined by equations (13) and (14). We
have two conditions for them to be non-negative. Then the boundary will move with constant
velocity defined from equation (7).
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More complicated one market model Note that collision of masses of two phases create
total annihilation flow

ν(t) = (v−−β (t))ρ−(0, t) =−(v+−β (t))ρ+(0, t)

of the disappearing (±)-particles. Here we assume that a part of annihilating particles does
not disappear but can transform to particles of the other phase jumping from the collision
point 0 to some point r. On the language of continuous media this means that there are
output flows of mass ν(+,−,r, t) and ν(−,+,r, t) such that

∫ ∞

0
p(+,−,r, t)dr ≤ 1,

∫ ∞

0
p(−,+,r, t)dr ≤ 1

where

p(+,−,r, t) = ν(+,−,r, t)
ν(t)

, p(−,+,r, t) =
ν(−,+,r, t)

ν(t)
For such model we have the system of three equations

β (t) =
v−ρ−(0, t)+ v+ρ+(0, t)

ρ−(0, t)+ρ+(0, t)

∂ρ+(r, t)
∂ t

=− (v+−β (t))
∂ρ+(r, t)

∂ r
−µ+(r, t)ρ+(r, t)+λ+(r, t)+ (15)

+(v−−β (t))ρ−(0, t)p(−,+,r, t)

∂ρ−(r, t)
∂ t

=(v−−β (t))
∂ρ−(r, t)

∂ r
−µ−(r, t)ρ−(r, t)+λ−(r, t)−

− (v+−β (t))ρ+(0, t)p(+,−,r, t)
We again assume that the functions µ±(r, t),λ±(r, t), p(−,+,r, t), p(+,−,r, t) do not depend
on t and have compact support. Introduce the functions

F+(x) =−
1

v+

∫ x

0
µ+(y)dy, F−(x) =

1
v−

∫ x

0
µ−(y)dy

Denote

α−+ =
∫ ∞

0
p(−,+,x)exp(−F+(x))dx, α+− =

∫ ∞

0
p(+,−,x)exp(−F−(x))dx

and assume that α−+, α+− < 1. Define

γ̂cr = max

(
γ(+)

cr

1−α−+
,

v−γ(−)cr

−v+(1−α+−)

)

Theorem 4 Let the parameters λ±(r),µ±(r), p(−,+,r, t), p(+,−,r, t) and v±be given.
Then

1. For any value of the parameter γ+ = ρ+(0) there is at most one fixed point. For
γ+ < γ̂cr there is no any fixed point. For γ+ ≥ γ̂cr there exists exactly one fixed point.
It is

ρ+(r) = eF+(r)
(

ρ+(0)+ v−1
+

∫ r

0
(λ+(x)− v+ρ+(0)p(−,+,x))e−F+(x)dx

)

ρ−(r) = v−1
− eF−(r)

(
−v+ρ+(0)−

∫ r

0
(λ−(x)− v+ρ+(0)p(+,−,x))e−F−(x)dx

)
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2. There is a unique stationary point with finite mass. It is

ρ+(r) = eF+(r)
(

ρ+(0)+ v−1
+

∫ r

0
(λ+(x)+(v−−β )ρ−(0)p(−,+,x))e−F+(x)dx

)

ρ−(r) = eF−(r)
(

ρ−(0)− v−1
−

∫ r

0
(λ−(x)− (v+−β )ρ+(0)p(+,−,x))e−F−(x)dx

)

and we denote

ρ+(0) =
−v+γ(+)

cr

−v+(1−α−+)−βα−+

ρ−(0) =
v−γ(−)cr

v−(1−α+−)+βα+−

where β is a root (belonging to the interval (v+,v−)) of quadratic equation (23). It
exists and is unique.

Proof. 1. Similarly to the first part of theorem 3.
2. As follows from system (15) the equations for the stationary points are

0 = (v−−β )ρ−(0)+(v+−β )ρ+(0)

0 = −v+
∂ρ+(r)

∂ r
−µ+(r)ρ+(r)+λ+(r)+(v−−β )ρ−(0)p(−,+,r) (16)

0 = v−
∂ρ−(r)

∂ r
−µ−(r)ρ−(r)+λ−(r)− (v+−β )ρ+(0)p(+,−,r)

Solving these linear first order equations we get

ρ+(r) = eF+(r)
(

ρ+(0)+ v−1
+

∫ r

0
(λ+(x)+(v−−β )ρ−(0)p(−,+,x))e−F+(x)dx

)
(17)

ρ−(r) = eF−(r)
(

ρ−(0)− v−1
−

∫ r

0
(λ−(x)− (v+−β )ρ+(0)p(+,−,x))e−F−(x)dx

)
(18)

We are looking for a stationary point with finite mass such that
∫ ∞

0
ρ±(r)dr < ∞ (19)

Then by (17), (18), (19), (16), a stationary point is uniquely defined by three parameters
γ± = ρ±(0), β which satisfy the following equations

−v+γ+ = −v+γ(+)
cr +(v−−β )γ−α−+

v−γ− = v−γ(−)cr − (v+−β )γ+α+− (20)
(v−−β )γ− = −(v+−β )γ+

where β ∈ (v+,v−). We show that this system has a unique solution. Using the third equation
of the system, we get from the first two

γ+ =
−v+γ(+)

cr

−v+(1−α−+)−βα−+
(21)

Instabilities and Control of Excitable Networks: From Macro- to Nano-Systems 99



γ− =
v−γ(−)cr

v−(1−α+−)+βα+−
(22)

Substituting these expressions to the third one we come to the quadratic equation with respect
to β :

(σ+α+−−σ−α−+)(−v++β )(v−−β )+(σ−v+−σ+v−)β − v+v−(σ−−σ+) = 0 (23)

where, for shortness, we denote σ+ =−v+γ(+)
cr , σ− = v−γ(−)cr .

Consider first the case when σ+α+−−σ−α−+ 6= 0 . Note that the boundary velocity
should satisfy v+ < β < v−. One can show easily that there is always one root of the equation
in the interval v+ < β < v−. Now one should verify that γ+,γ−, defined by (21) and (22)
are non-negative. By (21) (22) one of the values γ+,γ− is always positive. Then by the third
equation of the system (20) also the other value is positive as v−−β ,−v++β > 0. Thus
there exists the unique fixed point satisfying (17), (22), (21) (22).

Is σ+α+−−σ−α−+ = 0, we have a linear equation with respect to β , we gives

β =
σ−−σ+

σ−v−1
− −σ+v−1

+

and from (21) (22) we get γ+ = σ+v−1
+ and γ− = σ−v−1

− . In this case also a stationary point
exists and is unique.

Networks with many markets Let us call the previous model an elementary market. A
network is a set V of elementary markets with similar parameters and variables indexed by
m ∈V

v±,m,λ±,m(r, t),µ±,m(r, t),ρ±,m(r, t),bm(t),βm(t)

There are also other parameters interconnecting the markets. Denote ν+,m(t) (ν−,m(t)) the
total annihilation flow of (±)-particles from the market m. As they are equal we denote
νm(t) = ν+,m(t) = ν−,m(t). Let

νk,m(+,+,r, t),νk,m(+,−,r, t),νk,m(−,+,r, t),νk,m(−,+,r, t)

be the parts of these annihilation flows of (±)-particles, that after the transaction on the
market m, become (∓)-particles on the market k with the coordinate r. Denote

pkm(±,±,r, t) =
νk,m(±,±,r, t)

νm(t)

We mean that pkm(+,+,r, t) = pkm(−,−,r, t)≡ 0. Then for any k and t the conditions

∑
m∈V

∫ ∞

0
pkm(+,−,r, t)dr ≤ 1, ∑

m∈V

∫ ∞

0
(pkm(−,+,r, t)dr ≤ 1
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should hold. Denote by |V | the cardinality of the set V . We have then the following system
of 3|V | equations:

βm(t) =
v−,mρ−,m(0, t)+ v+,mρ+,m(0, t)

ρ+,m(0, t)+ρ+,m(0, t)

∂ρ+,m(r, t)
∂ t

=− (v+,m−βm(t))
∂ρ+,m(r, t)

∂ r
−µ+,m(r, t)ρ+,m(r, t)+λ+,m(r, t)

+ ∑
k∈V

(v−,k−βk(t))ρ−,k(0, t)pkm(−,+,r, t)

∂ρ−,m(r, t)
∂ t

=(v−,m−βm(t))
∂ρ−,m(r, t)

∂ r
−µ−,m(r, t)ρ−,m(r, t)+λ−,m(r, t)

−∑
k∈V

(v+,k−βk(t))ρ+,k(0, t)pkm(+,−,r, t)

Fixed points Again we assume λ±,m(r, t),µ±,m(r, t), pkm(±,±,r, t) do not depend on t
and have a compact support. Put

F(m)
+ (x) =−v−1

+,m

∫ x

0
µ+,m(y)dy, F(m)

− (x) = v−1
−,m

∫ x

0
µ−,m(y)dy

λ̂+,m =
∫ ∞

0
λ+,m(x)e−F(m)

+ (x)dx, λ̂−,m =
∫ ∞

0
λ−,m(x)e−F(m)

− (x)dx (24)

αkm(−,+) =
∫ ∞

0
pkm(−,+,x)e−F(m)

+ (x)dx, αkm(+,−) =
∫ ∞

0
pkm(+,−,x)e−F(m)

− (x)dx

for k,m ∈V .
Define matrices A−+, A+− with elements αkm(−,+) αkm(+,−), where k,m ∈ V , and

assume, that they have the following property:

∀k ∑
m∈V

αkm(±,±)≤ 1, ∃ k0 ∑
m∈V

αkm(±,±)< 1 (25)

For two vectors a = (ai) and b = (bi) we shall write a≥ b(a > b) if ai ≥ bi (ai > bi) for all
coordinates. Consider the following system of inequalities with respect s

s(E−A−+)≥ λ+, s(E−A+−)≥ λ− (26)

where E is the identity matrix and λ± are vectors with coordinates λ̂±,m defined by (24).
We say that this system has a positive solution if there is vector s with positive coordinates
satisfying both inequalities in (26). Generally, this system may not have a positive solution.
If one of the matrices A−+, A+− is diagonal or zero the set of positive solutions is nonempty.

Theorem 5 Each solution s = (sm, m ∈V )> 0 of the system (26) uniquely defines the fixed
point as follows:

ρ+,m(r) =−v−1
+,meF(m)

+ (r)

(
sm−

∫ r

0

(
λ+,m(x)+ ∑

k∈V
sk pkm(−,+,x)

)
e−F(m)

+ (x)dx

)

ρ−,m(r) = v−1
−,meF(m)

− (r)

(
sm−

∫ r

0

(
λ−,m(x)+ ∑

k∈V
sk pkm(+,−,x)

)
e−F(m)

− (x)dx

)

If the set of positive solutions of system (26) is empty there is no any fixed point.
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Proof. The fixed points satisfy the system consisting of 3|V | equation:

0 = v−,mρ−,m(0, t)+ v+,mρ+,m(0, t)

0 =−v+,m
∂ρ+,m(r)

∂ r
−µ+,m(r)ρ+,m(r)+λ+,m(r)+ ∑

k∈V
v−,kρ−,k(0)pkm(−,+,r) (27)

0 = v−,m
∂ρ−,m(r)

∂ r
−µ−,m(r)ρ−,m(r)+λ−,m(r)−∑

k∈V
v+,kρ+,k(0)pkm(+,−,r)

Solving first order linear differential equations we get

ρ+,m(r) = eF(m)
+ (r)

(
ρ+,m(0)+ v−1

+,m

∫ r

0
(λ+,m(x)+∑k∈V v−,kρ−,k(0)pkm(−,+,x))e−F(m)

+ (x)dx

)
(28)

ρ−,m(r) = eF(m)
− (r)

(
ρ−,m(0)− v−1

−,m

∫ r

0
(λ−,m(x)−∑k∈V v+,kρ+,k(0)pkm(+,−,x))e−F(m)

− (x)dx

)
(29)

for m ∈V .
Using equations 0 = v−,mρ−,m(0)+ v+,mρ+,m(0), we conclude that solutions (28), (29)

are uniquely defined by parameters sm =−v+,mρ+,m(0), m ∈V , and one can write

ρ+,m(r) =−v−1
+,meF(m)

+ (r)

(
sm−

∫ r

0

(
λ+,m(x)+ ∑

k∈V
sk pkm(−,+,x)

)
e−F(m)

+ (x)dx

)
(30)

ρ−,m(r) = v−1
−,meF(m)

− (r)

(
sm−

∫ r

0

(
λ−,m(x)+ ∑

k∈V
sk pkm(+,−,x)

)
e−F(m)

− (x)dx

)
(31)

Whereas the densities (30), (31) are nonnegative for all r ≥ 0 the following conditions
must be satisfied

sm ≥ λ̂+,m + ∑
k∈V

skαkm(−,+) (32)

sm ≥ λ̂−,m + ∑
k∈V

skαkm(+,−) (33)

for all m ∈V . These inequalities are equvalent to system (26).
So the fixed points exist iff there exist positive solutions of system (26).
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Abstract

Diffusion instability is a reason for different spatial-temporal patterns observed in
physical, chemical and biological systems. Two types of diffusion instability are known:
Turing and wave ones. While Turing instability is responsible for stationary nonuniform
patterns, wave instability gives rise to a great variety of spatial-temporal regimes. Here
we discuss patterns which may arise in the vicinity of the wave bifurcation. Investi-
gation of a set of amplitude equations, describing interaction of several modes which
became unstable due to the wave bifurcation, is carried out. It is shown that as a result
of competition between modes, depending on the value of the parameter defining the
strength of interaction, only two regimes are possible: either quasi one-dimensional trav-
elling waves (there exists only one nonzero mode) or standing waves (al the modes are
nonzero). This result is supported by numerical experiments for the Gierer-Meinhardt
model modified by addition of one more equation for the second fast diffusing inhibitor.
We suggest a possible mechanism for the transition from standing waves with a wave-
length λSW to traveling waves with a half wavelength: λTW ∼= λSW/2. This phenomenon
was observed in the Belousov-Zhabotinsky reaction dispersed in a water-in-oil aerosol
OT/Span-20 microemulsion. The problem is solved in a spatially one-dimensional case
using amplitude equations approach. We demonstrate that a transition is possible under
certain conditions. We obtain conditions for the mode coupling strength parameters,
under which the scenario of transition from a standing wave to a half-period traveling
wave, observed experimentally, is realized. The results of theoretical analysis are con-
firmed by numerical simulations.

1 Introduction
Spatial-temporal self-organization has long been the subject of both experimental and

theoretical investigations [1–3]. So far not only autowaves and dissipative structures are dis-
covered [4–7] but such new types of patterns as antispirals, wave packets, segmented waves,
oscillons — localized oscillating spots and others. All this variety of patterns was observed
in particular in Belousov-Zhabotinsky reaction proceeding in microemulsion (BZ–AOT sys-
tem) [8]. Now it is common knowledge that diffusion can cause instability of the uniform
state in a spatially distributed system. It was first demonstrated by Turing in his classical
paper [9], published in 1952. Due to diffusion in a reacting system the uniform state may
becomes unstable for the waves with wave vectors from a certain range. There are two pos-
sibilities: either for these wave vectors one of the real eigenvalues of the linearized problem
becomes positive, or a pair of complex conjugate eigenvalues acquires a positive real part.
The first case is well known as the Turing instability and it usually results in formation of
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stationary non-uniform patterns. It was employed in numerous models of biological mor-
phogenesis (for examples, see [10]). The second case is studied not so well though it can
lead to a variety of patterns, which were discovered experimentally by Vanag et al. [8] in
Belousov-Zhabotinsky microemulsion (BZ–AOT) system.

While the Turing bifurcation may occur already in a two variable reaction-diffusion
model, the wave instability needs at least three equations. In the paper [11] we obtained the
conditions for the wave instability in a three-variable reaction diffusion model, which follow
from linear analysis, and formulated qualitative properties of the system for it to occur. Here
we discuss patterns which may arise in the vicinity of the wave bifurcation. First we consider
patterns which arise due to polymodal interaction right after the wave bifurcation and obtain
the conditions for them to occur. Then we suggest the scenario of transition from standing
waves to travelling waves with the half-wavelength observed in experiments [12].

2 Spatio-temporal patterns in a multidimensional active medium
caused by polymodal interaction near the wave bifurcation

2.1 Analytical treatment

In the vicinity of the wave bifurcation, as a rule, only two types of structures are observed:
traveling and standing waves. In this case, an effective method for studying such patterns is
the construction and subsequent investigation of amplitude equations [13, 14]. However,
the situation is complicated by the fact that in multidimensional space degeneracy in the
directions takes place, and a lot of unstable modes (in the case of an unbounded domain —
infinitely many) participate in pattern formation. In the bounded region only the modes
which meet the boundary conditions contribute to the pattern. Then the amplitude equations
for interacting unstable modes may be presented in the form:

∂t Ãk = Ãk− (1− ic1)Ãk

∣∣∣Ãk

∣∣∣
2
−h(1− ic2)Ãk ·

N

∑
j=1, j 6=k

∣∣∣Ã j

∣∣∣
2
, k ∈ 1,N. (1)

Here Ã j are complex amplitudes of modes corresponding to equal in length but different
in direction wave vectors becoming unstable due to the wave bifurcation. If we present Ã j in

the form Ã j = A jeiϕ j , where A j =
∣∣∣Ã j

∣∣∣, for real magnitudes of amplitudes A j we obtain the
following equations:

∂tAi = Ai−A3
i −Ai ·h

N

∑
j=1, j 6=i

A2
j , i ∈ 1,N. (2)

It can be easily shown that Eqns. (2) have 2N stationary states of the form (with the
account of subscripts permutation)

Ast
i =




1√
1+(p−1)h

, i ∈ 1, p,

0, i ∈ p+1,N,

(3)

where p is an integer from the segment 0,N.
To investigate stability of these states we linearize Eqns. (2) near each of the points:
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δ Ȧi =
2

1+(p−1)h

(
−δAi−h

p

∑
j=1, j 6=i

δA j

)
, i ∈ 1, p,

δ Ȧi =
(1−h)

1+(p−1)h
δAi, i ∈ p+1,N.

(4)

Assuming small deviations from the stationary point δAi and δA j to be proportional to

exp
(

λ t
1+(p−1)h

)
, we substitute them into the set (4) and obtain the characteristic equation

which after some manipulations is reduced to the form:

[λ +2(1+(p−1)h)] [λ −2(h−1)]p−1 [λ − (1−h)]N−p = 0.

Solution of this equation results in the following set of eigenvalues for the point specified
by Eqn. (3):

λk =



−2(1+(p−1)h), i = 1

2(h−1), k ∈ 2, p

1−h, k ∈ p+1,N

(5)

Analysis of these eigenvalues shows that of all the stationary states only few are stable,
depending on the value of the single parameter h, which we consider positive. Namely, we
arrive at the following

Theorem. If h ∈ (1,∞) then the system (1) has N stable stationary states such that only one
of the amplitudes is nonzero and its magnitude equals unity, while all the others are zero.
If h ∈ (0,1) then all the amplitudes are nonzero and have the same magnitudes equal to
1/
√

1+(N−1)h. All other stationary points are unstable for any h.

Thus from this theorem it follows that depending on the strength of competition between
the modes, determined by the parameter h, only two regimes are possible: if the competition
is strong, wave bifurcation results in a quasi one-dimensional travelling wave, while for low
competition all the modes survive and a complex standing wave arises. All intermediate
regimes in the system (1) are impossible near the wave bifurcation.

2.2 Numerical simulations

This general result was numerically verified on the example of the Gierer-Meinhardt
model [15] expanded by the third equation corresponding to another rapidly diffusing in-
hibitor. This was done due to the fact that in a two-variable model a wave bifurcation is
impossible contrary to the Turing bifurcation [11]. The very choice of the model is quite
arbitrary and is only determined by its possibility to demonstrate wave instability.





∂tu =

(
ρ +

u2

ν
−µu− cu+dw

)
Ω+D1∇2u,

∂tν = u2−ν +D2∇2ν ,
∂tw = cu−dw+D3∇2w.

(6)

These equations have one stationary point: u0 =
ρ+1

µ , ν0 =
(

ρ+1
µ

)2
, w0 =

c(ρ+1)
dµ .

Linearizing Eqns. (6) near the stationary point and applying the conditions for the wave
bifurcation formulated in [11] we determine the boundary of the wave instability in the pa-
rameter plane (µ,Ω) for all other parameters fixed (Fig. 1). Then we obtain amplitude equa-
tions near this boundary and thus establish the relation between the kinetic parameters of
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the model (6) and the parameter h responsible for the strength of competition between the
modes. Thus we determine the domains of existence for both travelling and standing waves
in the parameter plain µ,Ω shown in Fig. 1.

Figure 1: The parameter plane (µ,Ω) of the model (6). Solid line corresponds to the wave bifur-
cation. The domains corresponding to standing and travelling waves are shown. In the same figure
the results of numerical simulations are presented where circles and squares are for standing and
travelling waves correspondingly. Larger symbols represent the combinations of parameters for the
examples given below.

Numerical simulations presented in Figs. 2 and 3 for the parameters of the model (5) cor-
responding to h > 1 (h < 1) demonstrate travelling waves formation (standing waves respec-
tively), as is predicted by the above analysis. The corresponding parameters are designated
by larger symbols in Fig. 1.

Figure 2: Travelling waves in the model (6) for the following moments of time: t = t0, t = t0 +10∆,
t = t0+20∆, t = t0+30∆, where t0 = 530 and ∆= 0.192 — integration step. Parameters of the model:
ρ = 0.23, µ = 2, Ω = 3, c = 1, d = 1, D1 = 1, D2 = 1, D3 = 50. Domain size 150×150.

3 Mechanism of switching from standing to traveling waves accompa-
nied by halving of the wavelength

The transition between standing waves (SW) and traveling waves (TW) in active media
of different nature is a well-known phenomenon. In most cases studied to date, regardless
of the nature of the medium, the wavelength remains unchanged during such transition [16–
19]. However experimental evidence was reported [12] for a SW–TW transition in which the
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Figure 3: Standing waves in the model (6) for the following moments of time: t = t0, t = t0 + 12∆,
t = t0 + 23∆, t = t0 + 46∆, where t0 = 1755 and ∆ = 0.032 — integration step. Parameters of the
model: ρ = 0.23, µ = 1.65, Ω = 10, c = 1, d = 1, D1 = 1, D2 = 1, D3 = 50 Domain size 100×100.

Figure 4: Snapshots of (a) standing waves and (b) traveling waves found in the BZ–AOT system.
(c) Space-time plot (0.6 mm×20 min, time increases from left to right) for SW–TW transition [12].

wave number doubles (Fig. 4). This phenomenon was observed in the Belousov-Zhabotinsky
reaction dispersed in a water-in-oil aerosol OT/Span-20 microemulsion.

We suggest a possible mechanism for the transition from standing waves with a wave-
length λSW to traveling waves with a half wavelength: λTW ∼= λSW/2. The problem is solved
in a spatially one-dimensional case using amplitude equations approach. We demonstrate
that the transition is possible under the following conditions:

1. A standing wave is excited by a supercritical wave bifurcation.
The wave can be presented in the form u1(r, t) = Ã1ei(wt+kr)+ Ã2ei(wt−kr), where Ã1, Ã2

are complex amplitudes of the modes with equal in length but opposite in direction wave
vectors ±k and the same frequency w which became unstable due to the wave bifurcation.
Near the bifurcation the dynamics of interacting modes can be described by the following
set of equations of the Ginzburg-Landau type:





˙̃A1 = Ã1− (1− ic1)Ã1

∣∣∣Ã1

∣∣∣
2
−h1(1− ic2)Ã1

∣∣∣Ã2

∣∣∣
2
,

˙̃A2 = Ã2− (1− ic1)Ã2

∣∣∣Ã2

∣∣∣
2
−h1(1− ic2)Ã2

∣∣∣Ã1

∣∣∣
2
.

(7)

In these equations spatial dispersion of modes is not taken into account and thus there
are no spatial derivatives. It is quite justified if a bounded domain is considered [14].

In equations (7), as was shown in the previous section, depending on the parameter
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h1 corresponding to the strength of competition between modes two regimes are possi-
ble either standing or travelling wave. For the standing wave to be formed this parameter
should be small: h1 ∈ (0,1). In this case the modes coexist having the same amplitudes∣∣∣Ãi

∣∣∣= 1/
√

1+h1.

2. We assume that a wave u2(r, t) = B̃1ei(w2t+2kr)+ B̃2ei(w2−2kr) with a twofold wave number
2k related to a standing wave and frequency w2 is stable, but can be excited in a rigid manner
due to a subcritical bifurcation. In this case in the corresponding amplitude equations we
should take into account besides cubic terms also terms of the fifth power:





˙̃B1 =−αB̃1 +(1− id1)B̃1

∣∣∣B̃1

∣∣∣
2
− (1− id3)β · B̃1

∣∣∣B̃1

∣∣∣
4
−h2(1− id2)B̃1

∣∣∣B̃2

∣∣∣
2
,

˙̃B2 =−αB̃2 +(1− id1)B̃2

∣∣∣B̃2

∣∣∣
2
− (1− id3)β · B̃2

∣∣∣B̃2

∣∣∣
4
−h2(1− id2)B̃2

∣∣∣B̃1

∣∣∣
2
,

(8)

where α, β are positive constants. The coefficient h2 corresponds to the strength of inter-
acting modes. It can be shown that when h2 is sufficiently large: h2 > 1− 4αβ , one of the
modes will suppress the other and a standing wave will be formed.

3. There is a resonance between the first and the second waves, namely, the wave with a
twofold wave number has also a duplicated frequency: w2 = 2w. The dispersion curves of
the system for which the resonance conditions are met are illustrated in Fig. 5.

Figure 5: Dispersion curves of the system for which the resonance conditions are met: the wave with
a twofold wave number has also a duplicated frequency

In terms of amplitude equations this resonance means that besides the conventional cubic
terms describing interaction between the modes there is also a term, proportional to the
square of the first mode amplitude in the equation for the second mode.

Then the solution of the original kinetic model which is to describe the phenomenon may
be sought in the form

u(r, t) = A1ei(wt+kr)+A2ei(wt−kr)+B1ei(2wt+2kr)+B2ei(2wt−2kr) (9)

The set of the corresponding amplitude equations after rescaling and transition to real
magnitudes of the amplitudes is the following:
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dA1

dt
= A1−A3

1−h1A2
2A1−δ1(B2

1 +B2
2)A1,

dA2

dt
= A2−A3

2−h1A2
1A2−δ1(B2

1 +B2
2)A2,

dB1

dt
=−αB1 +B3

1−βB5
1−h2B2

2B1−δ2(A2
1 +A2

2)B1 +σcosψ1(t)A2
1,

dB2

dt
=−αB2 +B3

2−βB5
2−h2B2

1B2−δ2(A2
1 +A2

2)B2 +σcosψ2(t)A2
2,

(10)

In terms of these equations the transition from standing to traveling waves with wave-
length halving may be explained in the following way. If h1 < 1 then initial pertur-
bation results in standing wave formation with a wavelength λSW . However when the
amplitudes Ai have grown they excite in a certain moment of time when cosψi(t) =
1 (ψi are slowly varying phase shifts) the second pair of modes with a half wave-
length due to quadratic terms if the coefficient σ is sufficiently large, namely σ >

1+h1
25β

(
20βα ′−3+

√
9−20βα ′

√
3−
√

9−20βα ′
10β

)
, where α ′ = α + 2δ2/(1+ h1). If δ2 is

large enough and h2 > 1− 4αβ > 0, competition between all the four modes results in ex-
tinction of three of them and survival of either B1 or B2. It means that the transition to the
travelling wave with wavelength halving has occurred. Evolution of the amplitudes in time
obtained by numerical solution of Eqns. (10) is presented in Fig. 6. The space-time plot
of the function u(r, t) (9) is given in Fig. 7 which looks similar to the experimental graph
(Fig. 4(c)).

Figure 6: Evolution of the amplitudes A1, B1 and B2 obtained by numerical solution of Eqns. (10)

4 Conclusion
In the present paper we considered patterns formed near the boundary of the wave bi-

furcation. This case is adequately treated by amplitude equations of the Ginzburg-Landau
type. First we have shown that though in multidimensional space a lot of modes contribute
to pattern formation, in fact the variety of possible patterns is very limited: either there is
a standing wave with rather complicated spatial structure (all of the modes survive) for low
intermodal competition, or there is a quasi one-dimensional travelling wave for strong com-
petition. In fact it means that having just a snapshot of the pattern we can immediately say
whether we deal with a standing or travelling wave.
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Figure 7: Space-time plot u(r, t) of the transition from standing to travelling wave obtained for
Eqns. (7).

In the second part of the paper we suggested a possible mechanism for a rather nontrivial
phenomenon observed in experiment: the transition from standing waves to travelling waves
with the half-wavelength, based on the hypothesis of a kind of resonance between the un-
stable mode, responsible for the standing wave, and the rigidly exited mode with a twofold
wave number. Though, from the point of view of the theory of dynamical systems, this sit-
uation is noncoarse, it is possible that due to the drift of parameters in a real experimental
system such resonance may occur, resulting in the observed transition.
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1 Introduction
It is commonly accepted that platelets as well as serine proteases participating in bio-

chemical reactions of fibrin production play an essential role in the development of intravas-
cular blood coagulation [1–3]. At the same time, in the initiation of intravascular blood
coagulation an important role belongs to the condition of vessel walls (including their im-
pairment by ulcers or sclerosis and the state of endothelium) [4–9].

According to current scientific views, the initiation of the intravascular coagulation
processes may occur either as a result of the disruption of vessel wall barrier properties
[5, 10, 11], or due to the activation of platelets in the shear flows (mainly near the vessel
wall) where the shear rate exceeds ∼ 5400 s−1 [12–14].

Within the scope of this work, we focus only on the situations of blood flow in which
shear rate does not exceed ∼ 103 s−1. Therefore, hydrodynamical activation of platelets will
not be taken into consideration in this research.

Main attention will be paid to intravascular coagulation initiated by procoagulants that
infiltrate into the blood flow when endothelium barrier properties are diminished due to the
intensification of wall shear stress [15–18].

Within the approach suggested, the permeability of endothelium layer will be assumed to
depend on the wall shear stress in a threshold manner. The highest stresses in blood vessels
normally occur in the areas of greater stenosis narrowing, which appear, for instance, due to
the local formation of atherosclerotic plaques. This is precisely the reason why the starting
centers of above-threshold stimulation of thrombus formation are usually associated with the
location of atherosclerotic plaques in the vessels [15–18].

The role of pro-coagulant factors that enter blood flow from atherosclerotic plaques is
mostly performed by the products of inflammatory processes that take place in the plaques
[19, 20]. Regardless of procoagulant’s biochemical nature, we consider all substances of
that type as pro-coagulants in cases when they can serve as primary activators of blood
coagulation [21, 22].

The threshold activation of the blood coagulation system (BCS) cascade of reactions
manifests itself by means of a self-accelerated production in the blood flow of a range of
key biochemical agents — serine proteinases (factors IIa (thrombin), Xa, VIIIa, Va etc.),
among which the central role is played by thrombin. In this work, thrombin generation and
its distribution in the vessel was taken into consideration within scope of phenomenological
model [21–25]. The biological significance of thrombin is dealt with its catalytic ability to
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convert fibrinogen molecules (present in the blood in inactive form) into fibrin-monomers
capable of fast precipitous polymerization.

The formation of a fibrin polymer network in the blood flow can change the flow pattern
even up to complete stoppage of blood flow.

The main aim of this work was to develop a description of the mass transfer processes
involving the formation of fibrin thrombi in vessels having variable crosssection of the lu-
men. The study of the revelant problems within the framework of the suggested approach
allowed us to reveal several typical scenarios of intravascular clot formation, as well as to
build parametrical diagrams of the blood liquid state stability in intense flows.

The results obtained probably have some value in the discussion of indications for stent-
ing procedures practically used for the vessel remodeling in patients.

2 Model description
2.1 Geometry

Blood vessel with stenosis (atherosclerotic plaque) on its lower wall was considered in a
two-dimensional approximation (see fig. 1). Vessel walls were supposed to be rigid.

The form of stenosed vessel wall was approximated by formula:

f (x) = Ly(1− s)e−
x2

2d2 , (1)

where Ly denotes vessel width, H denotes vessel minimal width, s = (H/Ly) ∈ (0;1) reflects
relative size of minimal lumen, and d corresponds to stenosis width (see fig. 1).

Figure 1: Vessel’s fragment geometry. Lx, Ly and H correspond to vessel length, width and minimal
vessel width. Γ+ and Γ− refer to upper and lower vessel walls respectively. Γin and Γout denote inlet
and outlet boundaries respectively.

2.2 Governing equations

Blood was supposed to be a Newtonian fluid with viscosity ν and density ρ . Hemody-
namics was described by means of modified Navier-Stokes equations:

∂~V
∂ t

+
(
~V ,~∇

)
~V =− 1

ρ
~∇ p+ν∇2~V −αp(M1,M2)ν~V (2)

(
~∇,~V

)
= 0, (3)

where t denotes time, ~∇ is well-known Hamilton’s operator, αp(M1,M2) describes filtration
resistance of fibrin polymer network (in case it is formed), M1 and M2 refer to statistical
moments of fibrin polydisperse system (see below)1.

1The polymer structure formed was considered as a porous media with a specific (non-constant) Darcy
coefficient. The value of Darcy coefficient depended on the state of polydisperse macromolecule fibrin system.
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The kinetics of blood coagulation reactions was described in the framework of the phe-
nomenological model [21–24]:

∂u
∂ t

=−kdu−∇ ·
(
~V u−Du∇u

)
(4)

∂θ
∂ t

= kuu+
αθ 2

θ +θ0
−χ1θ − γθϕ−∇ ·

(
~V θ −Dθ ∇θ

)
(5)

∂ϕ
∂ t

= βθ
(

1− ϕ
c

)(
1+
(

ϕ
ϕ0

)2
)
−χ2ϕ−∇ ·

(
~V ϕ−Dϕ∇ϕ

)
(6)

∂Fg

∂ t
=−kgFgθ − εg

(
Fg−F0

g
)
−∇ ·

(
~V Fg−Dg∇Fg

)
(7)

∂M1

∂ t
= kgFgθ − krM1−∇ ·

(
bp~V M1−D f ∇M1

)
(8)

∂M2

∂ t
= kgFgθ +4kp(M2 +M1)

2− kb

3

(
M2

2
M1
−M1

)
− krM2−∇ ·

(
bp~V M2−D f ∇M2

)
, (9)

where u denotes the concentration of the primary activator of blood coagulation, θ and ϕ
denote concentrations of the activator (thrombin) and the inhibitor of biochemical network
of blood coagulation reactions (see [26, 27] and [21]), Fg corresponds to fibrinogen (fibrin
precursor) concentration. M1 and M2 are first and second fibrin moments that are defined
through the concentration of k-meres of fibrin Fk as [21]:

Mn =
∞

∑
k=1

knFk, n = 1, 2. (10)

It is well-known that M1 reflects the total amount of fibrin-monomer molecules in all
polymerized and unpolymerized forms in the considered element of volume, while the ra-
tio M2/M1 determines weight-averaged molecular weight [28, 29] Mw of fibrin polymer
molecules in the system considered [30]:

Mw =
∞

∑
k=1

m0k ·wk = m0
M2

M1
, (11)

where m0 denotes the molecular weight of fibrin-monomer and wk =
kFk/( ∞

∑
m=1

mFm

) corre-

sponds to the weight fraction of k-meres in the system. The weight-averaged number of
fibrin-monomers in polymer molecules of fibrin Nw could be expressed as:

Nw =
Mw

m0
=

M2

M1
. (12)

We assumed that with the increase in the polymer chains length they will become less
and less transportable by the flow. To take into account this circumstance, a special term bp
has been introduced into equations (8)-(9) as a coefficient of polymer chains transport by the
flow (see [23–25] for details).

We believe that the system equations (2)-(9) can correctly describe the early stages of
intravascular coagulation processes, that is, the situations in which the loss of stability of
the blood liquid state triggers the bulk chain processes of generation of fibrin-monomer
molecules followed by their polymerization. The dynamics of fibrin-polymer microemboli
formation has several stages [31, 32]. The early stage, nucleation, is followed by the stage
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of emboli growth up to the size comparable to the mean distance between them. Next comes
the stage when neighbouring fibrin-polymer clots start to overlap, that is, an essential inter-
action between them is established. During later stages, the system evolution results in gel
formation in the vessel under consideration.

In this work, it will be assumed that during all the listed stages of coagulation the blood
density undergoes no changes. Unlike the density, the kinetic coefficients ν , αp, D f and bp
undergo an essential change during the stage-to-stage transition. It was assumed that during
the fibrin-polymer clots nucleation the value of blood viscosity ν is equal to the initial value,
the filtration resistance αp is taken to be negligibly small, and the coefficient of polymer
chains transport by the flow bp and the diffusion coefficient D f are adequately represented
by the expressions:

bp = 1 (13)
D f = D/Nw (14)

where D is the fibrin-monomer diffusion coefficient.
When the growing polymer clusters begin to mutually overlap, the process is commonly

termed as the formation of a semi-diluted polymer solution [33, 34]. The following inequa-
tion serves as a criterion of a semi-diluted polymer solution formation:

Nw ≥ Ns
w (15)

where Ns
w is the weight-averaged number of fibrin monomer molecules in polymer coils at

the appearance of semi-diluted conditions.
Fulfillment of these conditions actually implies that functional dependences of the listed

coefficients ν , αp, D f and bp on statistical moments M1 and M2 begin to change.
In the present work, the description of the dependences of the kinetic coefficient s on

the moments of the distribution of a fibrin moleculae polydispersional system employed
asymptotic expressions that in the limitary cases turn into well-known in polymer physics
expressions. The actual form of the respective dependences is given below (see [23–25] for
details):

αp = knumN2
a M2

1K2l4
0 ·(1−bp) (16)

D f = D ·
1

Nw
·

1
1+Nw/Ns

w
(17)

bp =
1

1+Nw/Ns
w

(18)

where Na is the Avogadro number, knum = 10−24 mole2/(nM2 ·cm6) is the coefficient for the
conversion of length dimensions.

The work mainly focused on the early stages of fibrin gel formation in the blood flow.
Therefore it was assumed that when the mean length of polymer chains Nw exceeds the
characteristic value of the half-dilution condition Ns

w by two or more orders (Nw = 102 ·Ns
w),

a sufficiently “mature” gel is formed, and the research of its further evolution remains outside
the scope of this work’s objectives2

2It should be noted that adopting of this assumption lets to avoid us analysis of the singular solutions of
equations, describing the dynamics of statistical moments M1 and M2, i.e. the situations when M2 blows up
[35].
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2.3 Boundary and initial conditions

Poiseuille’s conditions were applied at the left boundary of the considered area Γin:

Vx|Γin =
4V0

L2
y

y(Ly− y) (19)

Vy|Γin = 0 (20)

Pressure on the outlet boundary was assumed to be equal to zero:

p|Γout = 0 (21)

The no-slip conditions were satisfied at the boundaries Γ+ and Γ−.
The values of u, θ , ϕ , M1 and M2 on Γin were supposed to be equal to zero, while Fg

concentration on Γin was assumed to be equal to initial fibrinogen concentration F0
g . On the

vessel outlet Γout the zero-gradient conditions were used for all chemicals.
Vessel walls were supposed to be impermeable for all chemicals but the primary activator.

This means that for θ , ϕ , Fg, M1 and M2 the zero-gradient boundary conditions were set on
Γ+ and Γ−. The upper (non-stenosed) vessel was supposed to be impermeable for u. To
describe the process of primary activator infiltration into the blood flow through the lower
(stenosed) vessel wall the following boundary condition was used for u on Γ−:

−D
∂u
∂~n

∣∣∣∣
Γ−

= µ(|γsh|)
(
u0−u|Γ−

)
(22)

where operator ∂
∂~n

∣∣∣
Γ−

denotes the space derivative normal to Γ−, u0 denotes primary activa-

tor concentration under the vessel wall, and u|Γ− corresponds to the concentration of primary
activator in the blood flow near the lower vessel wall (Γ−).

Table 1: Parameter values

Parameter Value Refs. Parameter Value Refs.
α 3.33·10−2 s−1 [21, 22] kb 1.67·10−3 s−1 [21, 22]
θ0 5 nM [21, 22] n0 1010 cm−3 [36]
χ1 8.33·10−4 s−1 [21, 22] F0

g 9·103 nM [21, 22]
γ 8.33·10−2 (nM ·s)−1 [21, 22] Du 3·10−7 cm2/s [21, 22]
β 2.5·10−5 s−1 [21, 22] Dϕ 3·10−7 cm2/s [21, 22]
c 5 nM [21, 22] Dθ 3·10−7 cm2/s [21, 22]
εg 1.66·10−6 s−1 [21, 22] Dg 3·10−7 cm2/s [21, 22]
ϕ0 0.05 nM [21, 22] D 3·10−7 cm2/s [21, 22]
χ2 0.35 nM [21, 22] kd 1.66·10−6 s−1 [21, 22]
kg 5·10−6 (nM ·s)−1 [21, 22] ku 1.66·101 s−1 [21, 22]
kp 2.5·10−4 (nM ·s)−1 [21, 22] kr 1.67·10−2 s−1 [21, 22]
γ1 10 dyn/cm2 [15, 16, 18] µ1 2·10−12 cm/s [23, 24]
γ2 20 dyn/cm2 [15, 16, 18] u0 100 nM [23, 24]
ν 5·10−2 cm2/s [36] ρ 1 g/cm3 [36]
Lx 7.5 cm Ly 1 cm
K 10 [37] l0 1.5·10−6 cm [37, 38]
Na 6.02·1023 mol−1
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The permeability µ of the lower vessel wall Γ− depended on wall shear stress γsh in a
piecewise-linear manner:

µ =





µ1, |γsh| ≤ γ1

|γsh|− γ1

γ2− γ1
(µ2−µ1)+µ1, γ1 < |γsh|< γ2

µ2, |γsh| ≥ γ2

, (23)

where µ1 denotes the permeability of vessel wall for sub-threshold wall shear stress values,
and µ2 corresponds to the permeability for over-threshold ones.

At the initial moment t = 0 all variables but Fg were assumed to be equal to zero in the
interior part of calculation domain while Fg was assumed to be equal to F0

g . The ~V and p
fields were assumed to be equal to their stationary values in the given boundary conditions
(i.e. stationary flow).

The values of all parameters used in numerical calculations are presented in the Table 1
(see [23, 24]).

3 Results
3.1 Early stages of thrombi formation processes. Typical scenarios

Numerical simulation of the model described above opened the possibility to calculate
spatio-temporal distribution of M1, M2, Nw, etc3. in the vessel. Some scenarios are shown in
figures 2, 3 and 4. The gray color scale at these figures represents weight-average number
of fibrin monomers in polymer chains Nw (see eqn. (12)). The maximum of the scale (white
color) is Ns

w (see eqn. (15))4. This means that white color represents clots while grey shades
represent microthrombi with different lengths of polymer chains.

There is a recirculation zone behind the atherosclerotic plaque in all investigated scenar-
ios (see figures 2, 3 and 4). In the present work only the thrombus formation events taking
place in recirculation zone were investigated. Within the scope of the presented approach we
found 3 typical scenarios of thrombus formation events. In scenarios 1 and 2, a solid massive
thrombus is formed as the result of blood coagulation system activation (see figures 2d and
3d). In contrast, the result of the activation of coagulation system in scenario 3 is a floating
friable structure without a sharp border (see fig. 4c). It can be seen from fig. 4c, the floating
structure has a long “tail” of mircothrombi clouds downstream.

Numerical simulations have shown that in all scenarios early stages of coagulation pro-
cesses development are the same. The nucleation of a macroscopic thrombus always happens
in the region of reattachment point (see figures 2a, 3a and 4a). Then the stage of macroscopic
fibre-like structure formation comes (see figures 2b, 3b and 4b). The direction of the growth
of the fibre-like structure is determined by the separatrix line, which divides the core of the
flow from the recirculation zone.

After that, there are three possible types of system behavior depending on the parameter
values:

• fibre structure successively thickens (see fig. 2c) and a solid thrombus is formed in the
recirculation zone (see fig. 2d);

• after some time of fibre structure growth the gelation front splitting happens (see
fig. 3c) and solid thrombus in the recirculation zone is formed (see fig. 3d) as a re-
sult of a two-side clot growth;

3Numerical methods, used in analysis of presented model are described in [23–25].
4Note that Nw can be greater than Ns

w.
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• formation of a floating friable structure takes place (see fig. 4c).

3.2 Threshold-like activation of thrombus formation process

Numerical simulations not only revealed the typical patterns of blood clot formation, but
also allowed us to build parametric diagrams of blood liquid state stability. Using our mathe-
matical model we investigated the influence of blood flow rate, vessel wall permeability and
the shape of atherosclerotic plaque on threshold activation of blood coagulation processes.

Blood flow rate is characterized by a dimensionless parameter — Reynolds number:

Re =
V0Ly

ν
(24)

Figure 2: Scenario 1, solid thrombus formation through 1-side gelation front. Gray-scale map of Nw

distribution in the vessel, white areas are places of fibrin gel formation (Nw≥N pol
w ). a-d are successive

stages of the process: a — thrombus nucleation, b — formation of fibre-like fibrin structure, c —
fibre-like structure thickening, d — solid thrombus. Re = 130, s = 0.5, d̃ = 0.5, µ̃2 = 9.5.
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Figure 3: Scenario 2, solid thrombus formation through 2-side gelation front. Gray-scale map of
Nw distribution in the vessel, white areas are the places of fibrin gel formation (Nw ≥ N pol

w ). a-d
are successive stages of the process: a — thrombus nucleation, b — formation of fibre-like fibrin
structure, c — two-side gelation front, d — solid thrombus. Re = 130, s = 0.5, d̃ = 0.5, µ̃2 = 95.

Vessel wall permeability may be characterized by dimensionless maximal vessel wall
permeability:

µ̃2 = µ2u0 ·
ku

Ly(α−χ1)2θ0
(25)

The parametric diagram of blood coagulation system regimes is presented in fig. 5. Para-
metric plane (Re, µ̃2) is divided in two main zones denoted as “I” and “II”. When the repre-
sentative point is located in zone “I” the system evolves to stationary state with Nw < N pol

w .
This means that only formation of micro-thrombi (see [22]) takes place in the system. When
the representative point is located in zone “II” Nw reaches and exceeds N pol

w at some moment
of time, that means that fibrin gelation, i.e. formation of macroscopic thrombi, occurs.

Figure 5 shows that the region where thrombus formation starts has a form of a “tongue”
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Figure 4: Scenario 3, floating fibrin structure formation. Gray-scale map of Nw distribution in the
vessel, white areas are the places of fibrin gel formation (Nw ≥ N pol

w ). a-c are successive stages of the
process: a — thrombus nucleation, b — formation of fibre-like fibrin structure, c — thick and friable
floating fibrin structure. Re = 200, s = 0.5, d̃ = 0.5, µ̃2 = 9.5.

and that the range of Reynolds number values where it happens is limited both above and
below. For any µ̃2 > µ̃min

2 two thresholds of hydrodynamic activation of blood coagulation
exist.

For example, if we follow the horizontal line with arrows in figure 5, the first threshold is
at Re = Re1: if Re < Re1, the value of wall shear stress is less than γ1 and primary activator
u doesn’t appear in blood flow; otherwise fibrin clot is formed. The second threshold is
at Re = Re2: if Re > Re2, convective flow washes coagulation substances away, otherwise
thrombus formation starts.

This means that both increasing and decreasing of blood flow intensity may lead to
thrombi formation, depending upon initial conditions.

In figure 5 one can see a vertical line Re = Reγ2 . This value of Reynolds number corre-
sponds to wall shear stress equal to γ2 that means that vessel wall permeability µ = µ2 (see
eqn. (23)). In other words, it is the intensity of blood flow that leads to the plaque rupture.

Some part of zone “I” is on the right side of Re = Reγ2 in fig. 5, that means that in spite
of plaque rupture thrombi formation doesn’t occur. This type of system behavior may be
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Figure 5: Parametric diagram of blood coagulation system regimes. This diagram describes the
influence of the vessel wall permeability µ̃2 and blood flow rate Re on thrombi formation threshold.
Grey ribbon between zones “I” and “II” is a region where it is difficult to detect whether the point
belongs to zone “I” or “II”. Parameter values: s = 0.5, d̃ = 0.5.

associated with asymptotic plaque rupture [39, 40].
It was found that in the vicinity of the border between zones “I” and “II” the following

scaling law is valid for the nucleation time T ∗ (given constant Re):

(µ̃2− µ̃crit
2 )T ∗ 3 =C1 = const, (26)

where µ̃crit
2 is specific value of µ̃2, located in the “grey” area (see fig. 5), and C1 is a value

independent on µ̃2.
It was also shown that in the vicinity of the left border of zone “II” the following scaling

law is valid (given constant µ̃2):

(Re−Recrit)T ∗ 3 =C2 = const (27)

where Recrit is the specific value of Re, located in the “grey” area (see fig. 5), and C2 is the
value independent on Reynolds number (Re).

In other words, it appeared that in the vicinity of the liquid state stability border the
clot nucleation time grows up to infinity (see (26)-(27)). This result can be compared with
the results of the theory of first-order transitions, where similar scaling laws connecting the
extent of supersaturation with the nucleation time exist [41, 42].

To investigate the influence of stenosis shape on blood coagulation threshold the (s,Re, d̃)
parametric plane was scanned (see fig. 6), given the constant µ̃2. The dimensionless param-
eter d̃ characterizes the width of the atherosclerotic plaque:

d̃ = d/Ly (28)
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It appeared that the surface dividing the sub- and superthreshold regimes of blood coagu-
lation system is saddle-like. For a chosen value of µ̃2 the section of this surface by the d̃ = 0.4
plane crosses the saddle-point (see fig. 6b). It can be clearly seen that the Reynolds number
range where macroscopic thrombus formation takes place for 0.2 < s < 0.4 is significantly
wider than for 0.6 < s < 0.8.

4 Discussion
In this work the blood coagulation system hydrodynamical activation conditions and the

characteristic scenarios of the early stages of thrombi formation processes in stenosed vessels
were investigated. Intravascular activation of blood coagulation processes was assumed to
be caused by primary pro-coagulants that infiltrated into the blood flow through the vessel
wall from adjacent tissues.

Clearly, the mathematical description of intravascular blood coagulation processes was
oversimplified in the present work. The model suggested only took into consideration the
biochemical part of the haemostasis system. It was taken into account that the processes of
the hydrodynamical activation of the platelet-based part of the haemostasis system take place
at the values of shear rate far exceeding those analysed in the present work5.

Naturally, the range of thrombi-based emergency situations is far wider. Therefore a
correct evaluation of the platelets’ role is also of considerable interest. Attempts to develop
relevant mathematical models had taken place several times [43–51]. However, for the mo-
ment only a description of platelet aggregation processes in small intensity flows (Re� 1)6

can be considered as more or less successful [47–50].
The main distinctive feature of the model presented and employed in this work (in con-

trast to the ones in earlier works [52–60]) is that it takes into the consideration the dependence
of the vessel wall permeability on the shear stress in intense blood flow. It seems that such
effects have been mathematically described for the first time.

Another important feature of the model suggested is the introduction of the dependence
of kinetic parameters (bp, D f , αp) on the statistical moments M1 and M2 that characterize the
development of fibrin polymerization processes during blood coagulation. The expressions
used in the work are of an asymptotic nature. They were drawn from the application of
scaling approaches [34] and the technique of composite asymptotic expansions [61] to the
description of the processes of fibrin polymerization in the processes of mass transport.

In this work we neglected the change of blood viscosity during thrombi formation. Proper
assessment of the role of viscoelastic rheological effects [62] in the process of intravascular
thrombi formation is a task for further research work in this field.

Numerical calculations have shown that in the framework of presented boundary con-
ditions the formation of fibre-like structures in the post-stenotic area always precedes the
development of massive voluminous clot formation processes. The fibre-like structures al-
ways started to grow from the reattachment point of the recirculation zone (see fig. 2-4). That
is, the nucleation center of macroscopic thrombus formation is determined by the topologic
properties of the flow.

The obtained results show that the growth of fibrin fibres may lead either to the formation
of localized thrombi (see fig. 2 and 3) or to the formation of friable fibrin polymer structures
flattering in the flow (see fig. 4). Localized thrombi formation normally takes place in less
intense flows than the formation of floating structures. In intense flows, alongside with
the formation of floating structures, the formation and spreading downstream the flow of
multiple fibrin microemboli takes place. It seems that such finely dispersed “dust” may

5In the present work, the inequation γ̇ ≤ 103 s−1 was valid at all times.
6In the so-called Stokes approximation.
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a

b

c

Figure 6: Sections of blood coagulation stability surface by the planes d̃ = const in the (s,Re, d̃)
space, µ̃2 = 19. a: d̃ = 0.3, b: d̃ = 0.4, c: d̃ = 0.5.
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cause blood microcirculation disorders in organs situated more distally from the observed
thrombi formation center.

In view of the notions listed above, it becomes clear why friable structures can be ob-
served in the area adjacent to the right border of the “tongue” of blood liquid state stability
loss (see fig. 5).

It is worth mention that the existence of some dependence of the threshold of coagulation
system activation on the form of the plaque seems natural. At the same time, the character
of that dependence obtained in the present work seems contrintuitive. In fact, the performed
numerical calculations have shown (see fig. 6) that the plaques most dangerous with respect
to thrombus formation are not the largest ones. The analysis of this phenomenon has shown
that at high degrees of stenosis (s< 0.3) the effect of convective diminishing of procoagulants
concentration may dominate over the effect of vessel wall permeability increase. The higher
stenosis values (s < 0.1) may cause substantional changes in the flow topology, leading to a
suppression of thrombus formation as well.

According to our calculations, the most thrombogenic plaques should occlude only 20-
40% of the vessel lumen (0.6 < s < 0.8). In the light of the result it seems that the
“worldwide-accepted values” that serve as indications for stenting vessels of patients ex-
posed to atherothrombosis risk should be critically re-assessed [63–65].

The present work was partially supported by ISTC grant #3744.
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